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Proper Actions of Lie Groups
of Dimension n2 + 1
on n-Dimensional Complex Manifolds∗†
A. V. Isaev and N. G. Kruzhilin
In this paper we continue to study actions of high-dimensional Lie
groups on complex manifolds. We give a complete explicit description
of all pairs (M,G), where M is a connected complex manifold M of
dimension n ≥ 2, and G is a connected Lie group of dimension n2 +1
acting effectively and properly on M by holomorphic transformations.
This result complements a classification obtained earlier by the first
author for n2 + 2 ≤ dimG < n2 + 2n and a classical result due to W.
Kaup for the maximal group dimension n2 + 2n.
0 Introduction
Let M be a connected C∞-smooth manifold and Diff(M) the group of C∞-
smooth diffeomorphisms of M endowed with the compact-open topology. A
topological group G is said to act continuously on M by diffeomorphisms, if
a continuous homomorphism Φ : G → Diff(M) is specified. The continuity
of Φ is equivalent to the continuity of the action map
Φˆ : G×M → M, (g, p) 7→ Φ(g)(p) =: gp.
We only consider effective actions, that is, assume that the kernel of Φ is
trivial.
The action of G on M is called proper, if the map
Ψ : G×M →M ×M, (g, p) 7→ (gp, p),
is proper, i.e. for every compact subset C ⊂ M × M its inverse image
Ψ−1(C) ⊂ G ×M is compact as well. For example, the action is proper if
G is compact. The properness of the action implies that: (i) G is locally
compact, hence by [BM1], [BM2] (see also [MZ]) it carries the structure of
a Lie group and the action map Φˆ is smooth; (ii) Φ is a topological group
∗Mathematics Subject Classification: 32Q57, 32M10, 58D19
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isomorphism between G and Φ(G); (iii) Φ(G) is a closed subgroup of Diff(M)
(see [Bi] for a brief survey on proper actions). Thus, one can assume that G
is a Lie group acting smoothly and properly on the manifold M , and that it
is realized as a closed subgroup of Diff(M).
Suppose now that M is equipped with a Riemannian metric G , and let
Isom(M,G ) be the group of all isometries of M with respect to G . It was
shown in [MS] that Isom(M,G ) acts properly on M (and so does its every
closed subgroup). Conversely, by [Pal] (see also [Al]), for any Lie group acting
properly on M there exists a C∞-smooth G-invariant metric on M . It then
follows that Lie groups acting properly and effectively on the manifoldM by
diffeomorphisms are precisely closed subgroups of Isom(M,G ) for all possible
smooth Riemannian metrics G on M .
If G acts properly on M , then for every p ∈ M its isotropy subgroup
Gp := {g ∈ G : gp = p}
is compact in G. Then by [Bo] the isotropy representation
αp : Gp → GL(R, Tp(M)), g 7→ dg(p)
is continuous and faithful, where Tp(M) denotes the tangent space to M at
p and dg(p) is the differential of g at p. In particular, the linear isotropy
subgroup
LGp := αp(Gp)
is a compact subgroup of GL(R, Tp(M)) isomorphic to Gp. In some coordi-
nates in Tp(M) the group LGp becomes a subgroup of the orthogonal group
Om(R), where m := dimM . Hence dimGp ≤ dimOm(R) = m(m − 1)/2.
Furthermore, for every p ∈M its orbit
Gp := {gp : g ∈ G}
is a closed submanifold of M , and dimGp ≤ m. Thus, setting dG := dimG,
we obtain
dG = dimGp + dimGp ≤ m(m+ 1)/2.
It is a classical result (see [F], [Ca], [Ei]) that if G acts properly on a
smooth manifold M of dimension m ≥ 2 and dG = m(m + 1)/2, then M
is isometric (with respect to some G-invariant metric) either to one of the
standard complete simply-connected spaces of constant sectional curvature
Rm, Sm, Hm (where Hm is the hyperbolic space), or to RPm. Next, it was
shown in [Wa] (see also [Eg], [Y1]) that a groupG withm(m−1)/2+1 < dG <
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m(m+1)/2 cannot act properly on a smooth manifoldM of dimensionm 6= 4.
The exceptional 4-dimensional case was considered in [Ish], and it turned
out that a group of dimension 9 cannot act properly on a 4-dimensional
manifold. Furthermore, it was shown in [Ish] that if a 4-dimensional manifold
admits a proper action of an 8-dimensional group G, then it has a G-invariant
complex structure; this is the case of complex n-dimensional manifolds (for
n = 2) admitting proper actions of (n2 + 2n)-dimensional groups that will
be discussed later.
There exists also an explicit classification of pairs (M,G), wherem ≥ 4, G
is connected, and dG = m(m− 1)/2+1 (see [Y1], [Ku], [Ob], [Ish]). Further,
in [KN] a reasonably explicit classification of pairs (M,G), where m ≥ 6, G is
connected, and (m−1)(m−2)/2+2 ≤ dG ≤ m(m−1)/2, was given. We also
mention a classification of G-homogeneous manifolds for m = 4, dG = 6 (see
[Ish]) and a classifications of G-homogeneous simply-connected manifolds in
the casesm = 3, dG = 3, 4 and m = 4, dG = 5 (see [Ca], [Pat]) obtained by E.
Cartan’s method of adapted frames introduced in [Ca]. There are many other
results, especially for compact subgroups, but – to the best of our knowledge
– no complete classifications exist beyond dimension (m − 1)(m − 2)/2 + 2
(see [Ko2], [Y2] and references therein for further details).
We study proper group actions in the complex setting. From now on, M
will denote a complex manifold of complex dimension n (hence m = 2n) and
G will be a subgroup of Aut(M), the group of all holomorphic automorphisms
of M . We will be classifying pairs (M,G), but we will not be concerned
with determining G-invariant Riemannian metrics on M . Proper actions
by holomorphic transformations are found in abundance. A fundamental
result due to Kaup (see [Ka]) states that every closed subgroup of Aut(M)
that preserves a continuous distance on M acts properly on M . Thus, Lie
groups acting properly and effectively onM by holomorphic transformations
are precisely those closed subgroups of Aut(M) that preserve continuous
distances on M . In particular, if M is a Kobayashi-hyperbolic manifold,
then Aut(M) is a Lie group acting properly on M (see also [Ko1]).
In the complex setting, in some coordinates in Tp(M) the group LGp
becomes a subgroup of the unitary group Un. Hence dimGp ≤ dimUn = n
2,
and therefore
dG ≤ n
2 + 2n.
We note that n2 + 2n < (m− 1)(m− 2)/2 + 2 for m = 2n and n ≥ 5. Thus,
the group dimension range that arises in the complex case, for n ≥ 5 lies
strictly below the dimension range considered in the classical real case and
therefore is not covered by the existing results. Furthermore, overlaps with
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these results for n = 3, 4 and n = 2, dG = 6 occur only in relatively easy
situations and do not lead to any significant simplifications in the complex
case. The only interesting overlap with the real case occurs for n = 2, dG = 5
(see [Pat]); we will briefly discuss it below. Note that in the situations
when overlaps do occur, the existing classifications in the real case do not
necessarily immediately lead to classifications in the complex case, since the
determination of all G-invariant complex structures on the corresponding
real manifolds may be a non-trivial task.
It was shown by Kaup in [Ka] that if dG = n
2+2n, thenM is holomorphi-
cally equivalent (in fact, holomorphically isometric with respect to some G-
invariant metric) to one of Bn := {z ∈ Cn : |z| < 1}, Cn, CPn, and an equiva-
lence map F can be chosen so that the group
F ◦ G ◦ F−1 := {F ◦ g ◦ F−1 : g ∈ G} is, respectively, one of the groups
Aut(Bn), G(Cn), G(CPn). Here Aut(Bn) ≃ PSUn,1 := SUn,1/(center) is the
group of all transformations
z 7→
Az + b
cz + d
,
where (
A b
c d
)
∈ SUn,1;
G (Cn) ≃ Un ⋉ C
n is the group of all holomorphic automorphisms of Cn of
the form
z 7→ Uz + a, (0.1)
where U ∈ Un, a ∈ C
n (we usually write G (C) instead of G (C1)); and
G (CPn) ≃ PSUn+1 := SUn+1/(center) is the group of all holomorphic auto-
morphisms of CPn of the form
ζ 7→ Uζ, (0.2)
where ζ is a point in CPn written in homogeneous coordinates, and U ∈
SUn+1 (this group is a maximal compact subgroup of the complex Lie group
Aut(CPn) ≃ PSLn+1(C) := SLn+1(C)/(center)). We remark that the groups
Aut(Bn), G(Cn), G(CPn) are the full groups of holomorphic isometries of the
Bergman metric on Bn, the flat metric on Cn, and the Fubini-Study metric
on CPn, respectively, and that the above result due to Kaup can be obtained
directly from the classification of Hermitian symmetric spaces (cf. [Ak], pp.
49–50).
In the above situation we say for brevity that F transforms G into one
of Aut(Bn), G(Cn), G(CPn), respectively, and, in general, if F : M1 →
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M2 is a biholomorphic map, Gj ⊂ Aut(Mj), j = 1, 2, are subgroups and
F ◦ G1 ◦ F
−1 = G2, we say that F transforms G1 into G2. If for two pairs
(M1, G1) and (M2, G2) one can find such a map, we say that the pairs are
equivalent.
We are interested in characterizing pairs (M,G) up to this equivalence
relation for dG < n
2 + 2n, where G ⊂ Aut(M) is connected and acts on M
properly. In [IKra], [I5] a complete classification was obtained for n2 + 2 ≤
dG < n
2+2n. Furthermore, in [IKra], [I1], [I2], [I3] we considered the special
case where M is a Kobayashi-hyperbolic manifold and G = Aut(M), and
determined all manifolds with n2 − 1 ≤ dAut(M) < n
2 + 2n, n ≥ 2 (see [I4]
for a comprehensive exposition of these results).
In the present paper we assume that dG = n
2 + 1. This is the next
group dimension down from the range n2 + 2 ≤ dG < n
2 + 2n considered in
[IKra], [I5]. Note that n2+1 is the lowest group dimension for which proper
actions are necessarily transitive (it is shown in [Ka] that G-homogeneity
always takes place for dG > n
2); indeed, for dG = n
2 both homogeneous
and non-homogeneous manifold occur (see [I4]). For dG = n
2 + 1 we have
dimGp = (n − 1)
2, and we start by describing connected subgroups of the
unitary group Un of dimension (n−1)
2 in Proposition 1.1 (see Section 1), thus
determining the connected identity components of all possible linear isotropy
subgroups. According to this description, every action falls into one of three
types. In Sections 2, 3 we deal with actions of type I and II, respectively,
and obtain complete lists of the corresponding pairs (M,G) in Theorems
2.1 and 3.1. Actions of type III are more difficult to deal with. In Section
4 we give a large number of examples of such actions and show that these
examples provide a complete description of actions of type III (see Theorem
4.1). This is the main result of the paper. Taken together, Theorems 2.1,
3.1, 4.1 describe all pairs (M,G) with dG = n
2 + 1.
Regarding Theorems 2.1, 3.1, 4.1 for n = 2, 3 some remarks are in order.
Firstly, all connected 2- and 3-dimensional complex manifolds that admit
transitive actions of Lie groups by holomorphic transformations were deter-
mined in [HL], [OR], [Wi]. However, it was not the aim of those articles to
give a description of all possible transitive actions, and, indeed, most actions
listed in Theorems 2.1, 3.1, 4.1 do not occur there. Hence our classification
for n = 2, 3 does not follow from [HL], [OR], [Wi]. Secondly, as we have
already mentioned, a classification of all effective proper transitive actions of
connected 5-dimensional Lie groups on simply-connected real 4-dimensional
manifolds was given in [Pat] (see also [Ish]). Therefore, one can attempt to
obtain Theorem 4.1 for n = 2 by, firstly, determining all invariant complex
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structures on the real manifolds occurring in [Pat] and, secondly, by pass-
ing to their quotients to produce a complete list of manifolds from that of
simply-connected ones. Finally, we have been informed by G. Fels that he
has recently obtained Theorem 4.1 for n = 2 by an alternative method.
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visiting the Ruhr-Universita¨t Bochum in January-February 2007, with the
first author’s visit partially supported by the Alexander von Humboldt-
Stiftung. Also, a large amount of work on the paper was done during the first
author’s visit to the Max-Plank Institut fu¨r Mathematik in Bonn in April-
May 2007. The research of the second author was supported by the RFBR
(grant no. 05-01-0981a) and the Program of Support of Scientific Schools of
the RF. We would like to thank G. Fels for making a large number of useful
comments and interest in our work.
1 Classification of Linear Isotropy Subgroups
In this section we prove the following proposition that extends Lemma 2.1
of [IKru].
Proposition 1.1 Let H be a connected closed subgroup of Un of dimension
(n−1)2, n ≥ 2. Then H is conjugate in Un to one of the following subgroups:
I. eiRSO3(R) (here n = 3);
II. SUn−1 × U1 realized as the subgroup of all matrices(
A 0
0 eiθ
)
, (1.1)
where A ∈ SUn−1 and θ ∈ R, for n ≥ 3;
III. the subgroup Hnk1,k2 of all matrices(
A 0
0 a
)
, (1.2)
where k1, k2 are fixed integers such that (k1, k2) = 1, k1 > 0, and A ∈ Un−1,
a ∈ (detA)
k2
k1 := exp(k2/k1 Ln (detA)).
‡
‡For k2 6= 0 the group H
n
k1,k2
is a k1-sheeted cover of Un−1.
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Proof: Since H is compact, it is completely reducible, i.e. Cn splits into
the sum of H-invariant pairwise orthogonal complex subspaces, Cn = V1 ⊕
· · · ⊕ Vm, such that the restriction Hj of H to each Vj is irreducible. Let
nj := dimCVj (hence n1 + · · ·+ nm = n) and let Unj be the group of unitary
transformations of Vj. Clearly, Hj ⊂ Unj , and therefore dimH ≤ n
2
1 + · · ·+
n2m. On the other hand dimH = (n− 1)
2, which shows that m ≤ 2.
Let m = 2. Then there exists a unitary change of coordinates in Cn such
all elements of H take the form (1.2), where A ∈ Un−1 and a ∈ U1. We note
that the groups H1, H2 consist of all possible A and a, respectively.
If dimH2 = 0, then H2 = {1}, and therefore H1 = Un−1. In this case we
obtain the group Hn1,0.
Assume that dimH2 = 1, i.e., H2 = U1. Then (n − 1)
2 − 1 ≤ dimH1 ≤
(n − 1)2. Let dimH1 = (n − 1)
2 − 1 first. The only connected subgroup
of Un−1 of dimension (n − 1)
2 − 1 is SUn−1. Hence H is conjugate to the
subgroup of matrices of the form (1.1) if n ≥ 3 and to H21,0 for n = 2. Now
let dimH1 = (n− 1)
2, i.e., H1 = Un−1. Consider the Lie algebra h of H . Up
to conjugation, it consists of matrices of the form(
A 0
0 l(A)
)
, (1.3)
where A ∈ un−1 and l(A) 6≡ 0 is a linear function of the matrix elements
of A ranging in iR. Clearly, l(A) must vanish on the derived algebra of
un−1, which is sun−1. Hence matrices (1.3) form a Lie algebra if and only if
l(A) = c · traceA, where c ∈ R \ {0}. Such an algebra can be the Lie algebra
of a closed subgroup of Un−1 × U1 only if c ∈ Q \ {0}. Hence H is conjugate
to Hnk1,k2 for some k1, k2 ∈ Z, where one can always assume that k1 > 0 and
(k1, k2) = 1.
Now let m = 1. We shall proceed as in the proof of Lemma 2.1 in [IKra].
Let hC := h+ ih ⊂ gln be the complexification of h, where gln := gln(C). The
algebra hC acts irreducibly on Cn and by a theorem of E. Cartan (see, e.g.,
[GG]), hC is either semisimple or the direct sum of the center c of gln and a
semisimple ideal t. Clearly, the action of the ideal t on Cn is irreducible.
Assume first that hC is semisimple, and let hC = h1⊕· · ·⊕hk be its decom-
position into the direct sum of simple ideals. Then the natural irreducible
n-dimensional representation of hC (given by the embedding of hC in gln) is
the tensor product of some irreducible faithful representations of the hj (see,
e.g., [GG]). Let nj be the dimension of the corresponding representation of
hj , j = 1, . . . , k. Then nj ≥ 2, dimC hj ≤ n
2
j − 1, and n = n1 · ... · nk. The
following observation is simple.
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Claim: If n = n1 · ... · nk, k ≥ 2, nj ≥ 2 for j = 1, . . . , k, then∑k
j=1 n
2
j ≤ n
2 − 2n.
Since dimC h
C = (n− 1)2, it follows from the above claim that k = 1, i.e.
hC is simple. The minimal dimensions of irreducible faithful representations
of complex simple Lie algebras s are well-known (see, e.g., [OV]). In the
table below V denotes representations of minimal dimension.
s dimV dim s
slk k ≥ 2 k k
2 − 1
ok k ≥ 7 k k(k − 1)/2
sp2k k ≥ 2 2k 2k
2 + k
e6 27 78
e7 56 133
e8 248 248
f4 26 52
g2 7 14
Since dimC h
C = (n − 1)2, it follows that none of the above possibilities
realize. Therefore, hC = c ⊕ t, where dim t = n2 − 2n. Then, if n = 2, we
obtain that H coincides with the center of U2 which is impossible since its
action on C2 is then not irreducible. Assuming that n ≥ 3 and repeating the
above argument for t in place of hC, we see that t can only be isomorphic to
sln−1. But sln−1 does not have an irreducible n-dimensional representation
unless n = 3.
Thus, n = 3 and hC ≃ C⊕ sl2 ≃ C⊕ so3. Further, we observe that every
irreducible 3-dimensional representation of so3 is equivalent to its defining
representation. This implies that H is conjugate in GL3(C) to e
iRSO3(R).
Since H ⊂ U3 it is straightforward to show that the conjugating element can
be chosen to belong to U3.
The proof of the proposition is complete. 
LetM be a connected complex manifold of dimension n ≥ 2, and suppose
that a connected Lie group G ⊂ Aut(M) with dG = n
2 + 1 acts properly
on M . Fix p ∈ M , consider the linear isotropy subgroup LGp, and choose
coordinates in Tp(M) so that LGp ⊂ Un. We say that the pair (M,G) (or the
action of G on M) is of type I, II or III, if the connected identity component
LG0p of the group LGp is conjugate in Un to a subgroup listed in I, II or III
of Proposition 1.1, respectively. Since M is G-homogeneous, this definition
is independent of the choice of p.
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We will now separately consider actions of each type. Recall from the
introduction that G(Cn) is the group of holomorphic isometries of Cn with
respect to the Euclidean metric (see (0.1)) and G(CPn) is the group of holo-
morphic isometries of CPn with respect to the Fubini-Study metric (see (0.2)).
These groups and some of their subgroups will frequently occur throughout
the paper. In particular, we will need the subgroup G1(C
n) ≃ SUn⋉C
n that
consists of all elements of G(Cn) with U ∈ SUn and the subgroup G2(C
3) ≃
eiRSO3(R)⋉ C
3 that consists of all elements of G(C3) with U ∈ eiRSO3(R).
We usually write G (C) instead of G (C1) and G1 (C) instead of G1 (C
1).
2 Actions of Type I
In this section we prove the following theorem.
THEOREM 2.1 Let M be a connected complex manifold of dimension 3
and G ⊂ Aut(M) a connected Lie group with dG = 10 that acts properly
on M . If the pair (M,G) is of type I, then it is equivalent to one of the
following:
(i) (S ,Aut(S )), where S is the Siegel space
S :=
{
(z1, z2, z3) ∈ C
3 : ZZ ≪ id
}
,
with
Z :=
(
z1 z2
z2 z3
)
(here Aut(S ) is isomorphic to Sp4(R)/Z2);
(ii) (Q3, SO5(R)), where Q3 is the complex quadric in CP
4, and SO5(R) is
realized as a maximal compact subgroup of Aut(Q3)
0 ≃ PSO5(C);
(iii) (C3, G2(C
3)).
Proof: Fix aG-invariant Hermitian metric onM . Since LGq for every q ∈M
contains the element −id, the manifoldM equipped with this metric becomes
a Hermitian symmetric space. The group LG0p acts irreducibly on Tp(M),
and therefore M either is an irreducible Hermitian symmetric space, or is
equivalent (holomorphically and isometrically) to C3 with the flat metric.
If M is an irreducible Hermitian symmetric space, it follows from the
general theory of Riemannian symmetric spaces that G coincides with the
connected identity component of the group of holomorphic isometries of M
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(see Theorem 1.1 in Chapter V of [H]). Now E. Cartan’s classification of
irreducible Hermitian symmetric spaces implies that (M,G) is equivalent to
either (S ,Aut(S )) or (Q3, SO5(R)) (see Chapter IX of [H]).
Let M be equivalent to C3 and let F be an equivalence map. The map F
transforms G into a closed subgroup of G(C3) (recall that G(C3) is the full
group of holomorphic isometries of C3 with respect to the flat metric). Let
p0 ∈ M be such that F (p0) = 0. Then F transforms G
0
p0
into a closed sub-
group H of U3 ⊂ G(C
3) isomorphic to eiRSO3(R) and acting irreducibly on
T0(C
3). By Proposition 1.1, the subgroup H is conjugate in U3 to the stan-
dard embedding of eiRSO3(R) in U3, and hence there exists an equivalence
map Fˆ between M and C3 that transforms G0p0 into e
iRSO3(R).
Let g be the Lie algebra (isomorphic to the Lie algebra of G) of funda-
mental vector fields of the action of the group Gˆ := Fˆ ◦G ◦ Fˆ−1 on C3, that
is, g consists of all holomorphic vector fields X on C3 for which there exists
an element a of the Lie algebra of Gˆ such that for all z ∈ C3 we have
X(z) =
d
dt
[
exp(ta)(z)
]∣∣∣
t=0
.
Since Gˆ ⊂ G(C3), the algebra g is generated by 〈Z0〉⊕so3(R) and some affine
holomorphic vector fields Vj, j = 1, . . . , 6, that do not vanish at the origin.
Here
Z0 := i
3∑
k=1
zk ∂/∂zk,
and so3(R) is realized as the algebra of fundamental vector fields of the
standard action of SO3(R) on C
3. Considering [Z0, [Vj, Z0]] instead of Vj , we
can assume that Vj are constant vector fields for all j (cf. the proof of Satz
4.9 in [Ka]). It then follows that Gˆ = G2(C
3).
The proof is complete. 
3 Actions of Type II
In this section we obtain the following result.
THEOREM 3.1 Let M be a connected complex manifold of dimension
n ≥ 3 and G ⊂ Aut(M) a connected Lie group with dG = n
2 + 1 that acts
properly on M . If the pair (M,G) is of type II, then it is equivalent to
(Cn−1 ×M ′, G1(C
n−1) × G′), where M ′ is one of B1, C, CP1, and G′ is one
of the groups Aut(B1), G(C), G(CP1), respectively.
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We start with the following lemma that clarifies the structure of full linear
isotropy subgroups for actions of type II.
Lemma 3.2 Let H ⊂ Un, with n ≥ 3, be a closed subgroup, and let H
0 =
SUn−1 × U1. Then for some m ∈ N the group H consists of all matrices of
the form (
αA 0
0 a
)
,
where A ∈ SUn−1, a ∈ U1, α
m = 1.
Proof: The proof is similar to that of Lemma 4.4 in [IKru]. Let C1, . . . , CK
be the connected components of H with C1 = H
0 = SUn−1 × U1. Clearly,
there exist g1 = id, g2, . . . , gK in Un such that Cj = gjH
0, j = 1, . . . , K.
Moreover, for each pair of indices i, j there exists an index l such that giH
0 ·
gjH
0 = glH
0, and therefore
g−1l giH
0gj = H
0. (3.1)
Applying each side of (3.1) to the vector v := (0, . . . , 0, 1), which is an eigen-
vector of every element of H0, we obtain that for every h ∈ H0 there exists
β(h) ∈ C such that
g−1l gihgjv = β(h)v,
or, equivalently,
hgjv = β(h)g
−1
i glv,
which implies that gjv = (0, . . . , 0, aj), where |aj| = 1, j = 1, . . . , K. Hence
gj has the form
gj =
(
Aj 0
0 aj
)
,
where Aj ∈ Un−1. Multiplying gj by an appropriate element of H
0, we can
assume that aj = 1 and Aj = αj · id, with |αj| = 1, j = 1, . . . , K.
Clearly, all elements in H of the form(
t · id 0
0 1
)
, (3.2)
where |t| = 1 form a finite subgroup and therefore the corresponding numbers
t form a group of roots of unity of some order m.
The proof of the lemma is complete. 
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Proof of Theorem 3.1: Fix p ∈ M , set H := Gp, and identify M
as a smooth manifold with G/H (in particular, we identify Tp(M) with
TH(G/H)). By means of this identification we introduce a G-invariant com-
plex structure on G/H . Let ΠG,H : G→ G/H be the factorization map. For
every element g ∈ G we denote by Lg the action of g on G/H . Let g be the
Lie algebra of G. Since the subgroup Ad(H) ⊂ GL(R, g) is compact, there
exists an Ad(H)-invariant scalar product on g. Let h ⊂ g be the Lie algebra
ofH and h⊥ the orthogonal complement to h in g. Since h is Ad(H)-invariant,
so is h⊥. The map Φ := dΠG,H(id)|h⊥ is a linear isomorphism between h
⊥
and TH(G/H), and for every h ∈ H transforms the operator Ad(h) on h
⊥
into the operator dLh(H) on TH(G/H) (see e.g. [On]). Analogously, for
c ∈ h, the map ad(c) on h⊥ is transformed into L (c) on TH(G/H), where
L is the differential of the map h 7→ dLh(H) at id ∈ H .
By Lemma 3.2, at every q ∈ M there are exactly two non-trivial proper
LGq-invariant complex subspaces L1(q) and L2(q) in Tq(M). Here L1(q)
denotes the invariant subspace of dimension n − 1, and L2(q) the invariant
complex line. Choosing such subspaces at every point q ∈ M we obtain
two real-analytic G-invariant distributions L1 and L2 of (n − 1)- and 1-
dimensional complex subspaces on M , respectively. Lifting L1 and L2 to
G by means of ΠG,H , we obtain distributions S1 and S2 of real (n
2 − 1)-
and (n2 − 2n + 3)-dimensional subspaces on G, respectively. Since these
distributions are invariant under left translations on G, we will think of
them as linear subspaces of g. We have g = S1 + S2 and S1 ∩ S2 = h. Let
h⊥j := h
⊥∩Sj , j = 1, 2. Clearly, h
⊥ = h⊥1 +h
⊥
2 , dim h
⊥
1 = 2(n−1), dim h
⊥
2 = 2,
and h⊥j is Ad(H)-invariant for each j.
Fix complex coordinates (ξ1, . . . , ξn) in TH(G/H) in which LH
0 is given by
SUn−1 × U1. Accordingly, we have h = h1 ⊕ h2, where h1 := sun−1, h2 := u1.
Clearly, Φ maps h⊥1 and h
⊥
2 onto {ξn = 0} and {ξ1 = · · · = ξn−1 = 0},
respectively, and the following holds
[h⊥j , hj] ⊂ h
⊥
j , j = 1, 2,
[h⊥j , hk] = 0, j 6= k.
(3.3)
Set S ′j := h
⊥
j + hj for j = 1, 2. We will now show that S
′
j is an ideal in g
for each j. For any two elements v1, v2 ∈ g we write
[v1, v2] = u1 + u2 + w1 + w2, (3.4)
where uk ∈ h
⊥
k and wk ∈ hk, k = 1, 2. Suppose first that v1 ∈ h
⊥
1 , v2 ∈
h⊥2 . Applying to (3.4) the element ϕ0 of Ad(H
0) that acts trivially on h⊥1
and coincides with −id on h⊥2 , we obtain that u1 = 0, w1 = 0, w2 = 0.
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Next, applying to (3.4) an element of Ad(H0) that acts trivially on h⊥2 and
transforms v1 into −v1 we obtain that u2 = 0. Thus
[h⊥1 , h
⊥
2 ] = 0. (3.5)
Let v1, v2 ∈ h
⊥
1 . In this case the application of the transformation ϕ0 to (3.4)
yields u2 = 0. We now apply the Jacobi identity to v1, v2, v, where v is an
arbitrary element of ∈ h⊥2 . Then (3.3), (3.5) imply that [w2, v] = 0, and
hence w2 = 0. Thus
[h⊥1 , h
⊥
1 ] ⊂ S
′
1. (3.6)
Let finally v1, v2 ∈ h
⊥
2 . Applying to (3.4) elements of Ad(H
0) that act trivially
on h⊥2 we see that u1 and w1 are invariant under all such transformations.
Therefore u1 = 0, w1 = 0, and we have obtained
[h⊥2 , h
⊥
2 ] ⊂ S
′
2. (3.7)
Identities (3.3), (3.5), (3.6), (3.7) yield that S ′j is an ideal in g for each j.
Thus, for each j the distribution Lj is integrable, and its integral manifolds
form a foliation Fj of M by connected complex submanifolds of dimension
n − 1 for j = 1 and by connected complex curves for j = 2. For q ∈ M we
denote by Fj(q) the leaf of the jth foliation passing through q.
Let Gj be the (possibly non-closed) normal connected subgroup of G with
Lie algebra S ′j for j = 1, 2. For every q ∈ M the leaf Fj(q) coincides with
the orbit Gjq. Since the tangent space to Gjq at q
′ ∈ Gjq is spanned by the
values of the holomorphic fundamental vector fields of the Gj-action at q
′, it
follows that Fj is a holomorphic foliation. Clearly, every two orbits of Gj are
holomorphically equivalent. The ineffectivity kernel Kj of the action of Gj
on Gjp is discrete for each j. Since G1/K1 acts properly on G1p, it follows
from [I5] that the orbit G1p is holomorphically equivalent to C
n−1 by means
of a map that transforms G1/K1 into the group G1(C
n−1). Furthermore, G2p
is holomorphically equivalent to one of B1, C, CP1 by means of a map that
transforms G2/K2 into one of Aut(B
1), G(C), G(CP1), respectively.
We will now show that each Gj is closed in G. We assume that j = 1;
for j = 2 the proof is similar. Let U be a neighborhood of 0 in g where the
exponential map into G is a diffeomorphism, and let V := exp(U). To prove
that G1 is closed in G it is sufficient to show that for some neighborhood W
of e ∈ G,W ⊂ V, we have G1∩W = exp(S
′
1∩U)∩W. Assuming the opposite
we obtain a sequence {gj} of elements of G1 converging to e in G such that
for every j we have gj = exp(aj) with aj ∈ U \ S
′
1. Let pj := gjp. For a
neighborhood V of p we denote by Np and Npj the connected components
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of G1p ∩ V containing p and pj , respectively. We will now show that there
exists a neighborhood V of p such that Npj 6= Np for large j.
Let U′′ ⊂ U′ ⊂ U be neighborhoods of 0 in g such that: (a) exp(U′′) ·
exp(U′′) ⊂ exp(U′); (b) exp(U′′) · exp(U′) ⊂ exp(U); (c) U′ = −U′; (d) H ∩
exp(U′) ⊂ exp(S ′1 ∩ U
′). We now choose V so that Np ⊂ exp(S
′
1 ∩ U
′′)p.
Suppose that pj ∈ Np. Then we have pj = sp for some s ∈ exp(S
′
1 ∩ U
′′)
and hence t := g−1j s is an element of H . For large j we have g
−1
j ∈ exp(U
′′).
Condition (a) now implies that t ∈ exp(U′) and hence by (c), (d) we have
t−1 ∈ exp(S ′1 ∩ U
′). Therefore, by (b) we obtain gj ∈ exp(S
′
1 ∩ U) which
contradicts our choice of gj. Thus, for large j we have Npj 6= Np, and thus
the orbit G1p accumulates to itself (we will use this term in the future in
analogous situations). Below we will show that this is in fact impossible thus
obtaining a contradiction.
Consider the set S := G1p ∩ G2p. The set S contains a non-constant
sequence converging to p. Clearly, H0 preserves S. Since the H0-orbit of
a point in S cannot have positive dimension, the subgroup H0 fixes every
point in S. At the same time, any compact subgroup of dimension n2 − 2n
in G1(C
n−1) fixes exactly one point in Cn−1. This contradiction shows that
Gj is closed in G for each j. Therefore, the action of Gj on M is proper and
hence every leaf of Fj is closed in M , for j = 1, 2.
We will now show that the subgroup Kj is in fact trivial for each j = 1, 2.
Let first j = 1. Since G1/K1 is isomorphic to the simply-connected group
G1(C
n−1) ≃ SUn−1⋉C
n−1 and since G1 covers G1/K1 with fiberK1, it follows
that K1 is trivial. Let j = 2. If G2/K2 is isomorphic to G(C), the triviality of
K2 follows as above. Further, the action of G
0
2 p on G2p is effective, and thus
we have K2\{e} ⊂ G2 p\G
0
2 p. Suppose that G2/K2 is isomorphic to Aut(B
1).
Every maximal compact subgroup of Aut(B1) is 1-dimensional, hence so is
every maximal compact subgroup of G2. Since G
0
2 p is 1-dimensional, it is
maximal compact in G2. Therefore G2 p is connected, which implies that K2
is trivial. Suppose next that G2/K2 is isomorphic to G(CP
1) ≃ PSU2. If K2
is non-trivial, then G2 ≃ SU2 and K2 ≃ Z2. Then G
0
2 p is conjugate in G2
(upon the identification of G2 with SU2) to the subgroup of matrices of the
form (
1/b 0
0 b
)
,
where |b| = 1 (see e.g. Lemma 2.1 of [IKru]). Since this subgroup contains
the center of SU2, the subgroup G
0
2 p contains the center of G2. In particular,
K2 ⊂ G
0
2 p which contradicts the non-triviality of K2. Thus, G1 is isomorphic
to G1(C
n−1) and G2 is isomorphic to one of Aut(B
1), G(C), G(CP1).
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Next, since g = S ′1 ⊕ S
′
2 and G1, G2 are closed, the group G is a locally
direct product of G1 and G2. We claim that T := G1∩G2 is trivial. Indeed,
T is a discrete normal subgroup of each of G1, G2. However, every discrete
normal subgroup of each of G1(C
n−1), Aut(B1), G(C), G(CP1) is trivial, since
the center of each of these groups is trivial. Hence G = G1 ×G2.
We will now observe that for every q1, q2 ∈ M the orbits G1q1 and G2q2
intersect at exactly one point. Let g ∈ G be an element such that gq2 = q1.
It can be uniquely represented in the form g = g1g2 with gj ∈ Gj for j = 1, 2,
and therefore we have g2q2 = g
−1
1 q1. Hence the intersection G1q1 ∩ G2q2 is
non-empty. Next, the fact that for every q ∈ M the intersection G1q ∩ G2q
consists of q alone follows by the argument used at the end of the proof of
the closedness of G1, G2.
Let F1 be a biholomorphic map from G1p onto C
n−1 that transforms G1
into G1(C
n−1), and F2 a biholomorphic map from G2p onto M
′, where M ′ is
one of B1, C, CP1, that transforms G2 into G
′, where G′ is one of Aut(B1),
G(C), G(CP1), respectively. We will now construct a biholomorphic map F
from M onto Cn−1 ×M ′. For q ∈ M consider G2q and let r be the unique
point of intersection of G1p and G2q. Let g ∈ G1 be an element such that
r = gp. Then we set F(q) := (F1(r), F2(g
−1q)). Clearly, F is a well-defined
diffeomorphism fromM onto Cn−1×M ′. Since the foliation Fj is holomorphic
for each j, the map F is in fact holomorphic. By construction, F transforms
G into G1(C
n−1)×G′.
The proof is complete. 
4 Actions of Type III
We start this section with a large number of examples of actions of type III.
Some of the examples can be naturally combined into classes and some of
the actions form parametric families. In what follows n ≥ 2.
(i). Here both the manifolds and the groups are represented as direct prod-
ucts.
(ia). M = M ′ × C, where M ′ is one of Bn−1, Cn−1, CPn−1, and G =
G′ × G1(C), where G
′ is one of the groups Aut(Bn−1), G(Cn−1), G(CPn−1),
respectively.
(ib). M = M ′ × C∗, where M ′ is as in (ia), and G = G′ × C∗, where G′
is as in (ia).
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(ic). M = M ′ × T, where M ′ is as in (ia) and T is an elliptic curve;
G = G′ × Aut(T)0, where G′ is as in (ia).
(id). M =M ′×P> , whereM
′ is as in (ia) and P> := {ξ ∈ C : Re ξ > 0};
G = G′ ×G(P>), where G
′ as in (ia) and G(P>) is the group of all maps of
the form
ξ 7→ λξ + ia, (4.1)
with a ∈ R, λ > 0.
(ii). Parts (iib) and (iic) of this example are obtained by passing to quotients
in Part (iia).
(iia). M = Bn−1 × C, and G consists of all maps of the form
z′ 7→
Az′ + b
cz′ + d
,
zn 7→ zn + ln(cz
′ + d) + a,
where (
A b
c d
)
∈ SUn−1,1, (4.2)
z′ := (z1, . . . , zn−1) and a ∈ C. We denote this group by G (B
n−1 × C). In
fact, for T ∈ C one can consider the following family of groups acting on
Bn−1 × C
z′ 7→
Az′ + b
cz′ + d
,
zn 7→ zn + T ln(cz
′ + d) + a,
(4.3)
where A, a, b, c, d are as above. Example (ia) forM ′ = Bn−1 is included in this
family for T = 0. If T 6= 0, then conjugating group (4.3) in Aut(Bn−1 × C)
by the automorphism
z′ 7→ z′
zn 7→ zn/T,
(4.4)
we can assume that T = 1.
(iib). M = Bn−1×C∗, and for a fixed T ∈ C∗ the group G consists of all
maps of the form
z′ 7→
Az′ + b
cz′ + d
,
zn 7→ χ(cz
′ + d)T zn,
(4.5)
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where A, b, c, d are as in (iia) and χ ∈ C∗. Example (ib) for M ′ = Bn−1 can
be included in this family for T = 0. This family is obtained from (4.3) by
passing to a quotient in the last variable.
(iic). M = Bn−1×T, where T is an elliptic curve, and for a fixed T ∈ C∗
the group G consists of all maps of the form
z′ 7→
Az′ + b
cz′ + d
,
[zn] 7→
[
χ(cz′ + d)T zn
]
,
(4.6)
where A, b, c, d, χ are as in (iib), T is obtained from C∗ by taking the quotient
with respect to the equivalence relation zn ∼ dzn, for some d ∈ C
∗, |d| 6= 1,
and [zn] ∈ T is the equivalence class of a point zn ∈ C
∗. Example (ic) for
M ′ = Bn−1 can be included in this family for T = 0. Clearly, after passing
to the quotient (4.5) turns into (4.6).
(iii). Part (iiib) of this example is obtained by passing to a quotient in
Part (iiia).
(iiia). M = Cn, and G consists of all maps of the form
z′ 7→ eRe bUz′ + a,
zn 7→ zn + b,
where U ∈ Un−1, a ∈ C
n−1, b ∈ C. In fact, for T ∈ C one can consider the
following family of groups acting on Cn
z′ 7→ eRe (Tb)Uz′ + a,
zn 7→ zn + b,
(4.7)
where U , a, b are as above. Example (ia) for M ′ = Cn−1 is included in this
family for T = 0. If T 6= 0, then conjugating group (4.7) in Aut(Cn) by the
automorphism
z′ 7→ z′
zn 7→ Tzn,
we can assume that T = 1.
(iiib). M = Cn−1 × C∗, and for a fixed T ∈ R∗ the group G consists of
all maps of the form
z′ 7→ eT Re bUz′ + a,
zn 7→ e
bzn,
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where U, a, b are as in (iiia). Example (ib) for M ′ = Cn−1 can be included
in this family for T = 0. This family is obtained from (4.7) for T ∈ R∗ by
passing to a quotient in the last variable.
(iv). Parts (ivb) and (ivc) of this example are obtained by passing to quo-
tients in Part (iva).
(iva). M = Cn, and G consists of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ zn + 〈Uz
′, a〉+ b,
where U ∈ Un−1, a ∈ C
n−1, b ∈ C, and 〈· , ·〉 is the inner product in Cn−1.
We denote this group by G(Cn). In fact, for T ∈ C one can consider the
following family of groups acting on Cn
z′ 7→ Uz′ + a,
zn 7→ zn + T 〈Uz
′, a〉+ b,
(4.8)
where U , a, b are as above. Example (ia) for M ′ = Cn−1 is included in this
family for T = 0. If T 6= 0, then conjugating group (4.8) in Aut(Cn) by
automorphism (4.4), we can assume that T = 1.
(ivb). M = Cn−1 × C∗, and for a fixed 0 ≤ τ < 2pi the group G consists
of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ χ exp
(
eiτ 〈Uz′, a〉
)
zn,
(4.9)
where U, a are as in (iva) and χ ∈ C∗. In fact, for T ∈ C one can consider
the following family of groups acting on Cn−1 × C∗
z′ 7→ Uz′ + a,
zn 7→ χ exp
(
T 〈Uz′, a〉
)
zn,
(4.10)
where U, a, χ are as above. Example (ib) for M ′ = Cn−1 is included in this
family for T = 0. For T 6= 0 this family is obtained from (4.8) by passing
to a quotient in the last variable. Furthermore, conjugating group (4.10) for
T 6= 0 in Aut(Cn−1 × C∗) by the automorphism
z′ 7→
√
|T |z′
zn 7→ zn,
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we obtain the group defined in (4.9) for τ = argT .
(ivc). M = Cn−1 × T, where T is an elliptic curve, and for a fixed
0 ≤ τ < 2pi the group G consists of all maps of the form
z′ 7→ Uz′ + a,
[zn] 7→
[
χ exp
(
eiτ 〈Uz′, a〉
)
zn
]
,
(4.11)
where U, a, χ are as in (ivb), T is obtained from C∗ by taking the quotient
with respect to the equivalence relation zn ∼ dzn, for some d ∈ C
∗, |d| 6= 1,
and [zn] ∈ T is the equivalence class of a point zn ∈ C
∗. In fact, for T ∈ C
one can consider the following family of groups acting on Cn−1 × T
z′ 7→ Uz′ + a,
[zn] 7→
[
χ exp
(
T 〈Uz′, a〉
)
zn
]
,
(4.12)
where U, a, χ are as above. Example (ic) for M ′ = Cn−1 is included in this
family for T = 0. For T 6= 0 this family is obtained from (4.10) by passing
to the quotient described above. Furthermore, conjugating group (4.12) for
T 6= 0 in Aut(Cn−1 × T) by the automorphism
z′ 7→
√
|T |z′
ξ 7→ ξ,
where ξ ∈ T, we obtain the group defined in (4.11) for τ = argT .
(v). M = Cn−1 × P> , and for a fixed T ∈ R
∗ the group G consists of all
maps of the form
z′ 7→ λTUz′ + a,
zn 7→ λzn + ib,
(4.13)
where U ∈ Un−1, a ∈ C
n−1, b ∈ R, λ > 0. Example (id) for M ′ = Cn−1 can
be included in this family for T = 0.
(vi). M = Cn, and for fixed k1, k2 ∈ Z, (k1, k2) = 1, k1 > 0, k2 6= 0, the
group G consists of all maps of the form (0.1) with U ∈ Hnk1,k2 (see (1.2)).
We denote this group by Gk1,k2(C
n). Example (ia) for M ′ = Cn−1 can be
included in this family for k2 = 0.
(vii). Part (viib) of this example is obtained by passing to a quotient in
Part (viia).
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(viia). M = Cn∗/Zl, where C
n∗ := Cn \ {0}, l ∈ N, and the group G
consists of all maps of the form
{z} 7→ {λUz}, (4.14)
where U ∈ Un, λ > 0, and {z} ∈ C
n∗/Zl is the equivalence class of a point
z ∈ Cn∗.
(viib). M = Md/Zl, where Md is the Hopf manifold C
n∗/{z ∼ dz}, for
d ∈ C∗, |d| 6= 1, and l ∈ N; the group G consists of all maps of the form
{[z]} 7→ {[λUz]}, (4.15)
where U, λ are as in (viia), [z] ∈Md denotes the equivalence class of a point
z ∈ Cn∗, and {[z]} ∈Md/Zl denotes the equivalence class of [z] ∈Md.
(viii). In this example the manifolds are the open orbits of the action of a
group of affine transformations on Cn. Let GP be the group of all maps of
the form
z′ 7→ λUz′ + a,
zn 7→ λ
2zn + 2λ〈Uz
′, a〉+ |a|2 + ib,
where U ∈ Un−1, a ∈ C
n−1, b ∈ R, λ > 0.
(viiia). M = Pn> , G = GP , where
Pn> :=
{
(z′, zn) ∈ C
n−1 × C : Re zn > |z
′|2
}
. (4.16)
Observe that Pn> is holomorphically equivalent to B
n.
(viiib). M = Pn< , G = GP , where
Pn< :=
{
(z′, zn) ∈ C
n−1 × C : Re zn < |z
′|2
}
. (4.17)
Observe that Pn< is holomorphically equivalent to CP
n \ (Bn ∪L), where L is
a complex hyperplane tangent to ∂Bn at some point.
(ix). Here n = 2, M = B1 × C, and G consists of all maps of the form
z1 7→
az1 + b
bz1 + a
,
z2 7→
z2 + cz1 + c
bz1 + a
,
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where a, b ∈ C, |a|2 − |b|2 = 1, c ∈ C. We denote this group by G(B1 × C).
(x). Here n = 3, M = CP3, and G consists of all maps of the form (0.2) for
n = 3 with U ∈ Sp2 (where Sp2 is the compact real form of Sp4(C)). We
denote this group of maps by G1(CP
3). It is isomorphic to Sp2/Z2.
(xi). Let n = 3 and (z : w) be homogeneous coordinates in CP3 with
z = (z1 : z2), w = (w1 : w2). Set M = CP
3 \ {w = 0} and let G be the group
of all maps of the form
z 7→ Uz + Aw,
w 7→ V w,
(4.18)
where U, V ∈ SU2, and
A =
(
a ib
b −ia
)
,
for some a, b ∈ C. We denote this group by G (CP3 \ CP1).
(xii). Here n = 3, M = C3, and G consists of all maps of the form
z′ 7→ Uz′ + a,
z3 7→ detU z3 +
[(
0 1
−1 0
)
Uz′
]
· a+ b,
where z′ := (z1, z2), U ∈ U2, a ∈ C
2, b ∈ C, and · is the dot product in C2.
We denote this group of maps by G3(C
3).
The result of this section is the following theorem.
THEOREM 4.1 Let M be a connected complex manifold of dimension
n ≥ 2 and G ⊂ Aut(M) a connected Lie group with dG = n
2 + 1 that acts
properly on M . If the pair (M,G) is of type III, then it is equivalent to one
of the pairs listed in (i)–(xii) above.
The following lemma is analogous to Lemma 3.2, and we omit the proof.
Lemma 4.2 Let H ⊂ Un, with n ≥ 2, be a closed subgroup, and let H
0 =
Hnk1,k2 for some k1, k2. Assume that for n = 2 we have k1 6= ±k2 (that is,
for n = 2 the cases k1 = k2 = 1 and k1 = 1, k2 = −1 are excluded from
consideration). Then for some m ∈ N the group H consists of all matrices of
the form (
A 0
0 α · a
)
,
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where A ∈ Un−1, a ∈ (detA)
k2
k1 , αm = 1.
Remark 4.3 For n = 2 and either k1 = 1, k2 = 1 or k1 = 1, k2 = −1 it is
easy to construct an example of a closed disconnected subgroup H ⊂ U2 with
H0 = H2k1,k2 that contains matrices with non-zero anti-diagonal elements.
Proof of Theorem 4.1: We will consider two cases. Case 1 occupies most
of the proof and splits into a number of subcases, as shown in the following
diagram.
Case 1
[S1,S1]⊂S1
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
[S1,S1] 6⊂S1
""
EE
EE
EE
EE
EE
EE
EE
EE
EE
Case 1.1
k2=0
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
k2 6=0

Case 1.2
k2=0
||yy
yy
yy
yy
yy
yy
yy
yy
yy
k2 6=0

Case 1.1.1
G1p 6≃Cn−1
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
G1p≃Cn−1

Case 1.1.2
n≥3

n=2
##
FF
FF
FF
FF
FF
FF
FF
FF
FF
Case 1.2.1 Case 1.2.2
Case 1.1.1.a Case 1.1.1.b Case 1.1.2.a
n≥4
{{xx
xx
xx
xx
xx
xx
xx
xx
xx
n=3
##
FF
FF
FF
FF
FF
FF
FF
FF
FF
Case 1.1.2.b
Case 1.1.2.a.1 Case 1.1.2.a.2
Case 1. Suppose that either n ≥ 3, or n = 2 and k1 6= ±k2. Fix p ∈ M
and introduce H , Φ, h and h⊥ as in the proof of Theorem 3.1. By Lemma
4.2, at every q ∈ M there are exactly two non-trivial proper LGq-invariant
complex subspaces L1(q) and L2(q) in Tq(M). For n ≥ 3, L1(q) denotes, as
before, the invariant subspace of dimension n − 1, and L2(q) the invariant
complex line. For n = 2, L1(q) and L2(q) denote the invariant complex lines
such that for every ϕ ∈ LG0q we have ϕ(ξj) = u
kjξj, for j = 1, 2, where
ξj ∈ Lj(q) and |u| = 1. Choosing such subspaces at every point q ∈ M
we obtain two real-analytic G-invariant distributions L1 and L2 of (n − 1)-
and 1-dimensional complex subspaces on M , respectively. As in the proof of
Theorem 3.1 these distribution lead to linear subspaces S1 and S2 of g. Let,
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as before, h⊥j := h
⊥ ∩ Sj , j = 1, 2. Clearly, h
⊥
j is Ad(H)-invariant for each j,
and therefore we have
[h⊥j , h] ⊂ h
⊥
j , j = 1, 2. (4.19)
We fix complex coordinates (ξ1, . . . , ξn) in TH(G/H) in which LH
0 is
given by Hnk1,k2 and thus realize h as the Lie algebra of matrices of the form(
A 0
0 k2/k1 · traceA
)
, (4.20)
where A ∈ un−1. We now choose bases in h
⊥
1 and h
⊥
2 as follows. Set
ak := Φ
−1(ek), bk := Φ
−1(iek), k = 1, . . . , n,
where ek denotes the kth coordinate vector for k = 1, . . . , n. Then {ar, br},
r = 1, . . . , n−1, is a basis in h⊥1 and {an, bn} is a basis in h
⊥
2 . In this basis the
pull-back to h⊥ of the operator of complex structure on TH(G/H) is given
by
ak 7→ bk,
bk 7→ −ak,
(4.21)
for k = 1, . . . , n.
Observe that [an, bn] is Ad(H)-invariant, and therefore lies in S2. To-
gether with (4.19) this implies that S2 is a Lie subalgebra of g. Thus, the
distribution L2 is integrable, and its integral manifolds form a foliation F2
of M by connected complex curves. For q ∈ M we denote by F2(q) the leaf
of the foliation passing through q. Since the foliation F2 is G-invariant, its
leaves are pairwise holomorphically equivalent.
Let G2 be the (possibly non-closed) connected subgroup of G with Lie
algebra S2 (observe that H
0 ⊂ G2). The leaf F2(p) passing through the
distinguished point p coincides with the orbit G2p, and for g ∈ G the leaf
F2(gp) is an orbit of the group gG2g
−1. The ineffectivity kernel K2 of the
action of G2 on G2p is either (n
2 − 2n)-dimensional (if k2 6= 0) or (n − 1)
2-
dimensional (if k2 = 0). Hence G2p is holomorphically equivalent to one of:
(a) B1, C, CP1, if k2 6= 0 by means of a map that transforms G2/K2 into one
of Aut(B1), G(C), G(CP1), respectively; (b) P> , C, C
∗, or an elliptic curve
T, if k2 = 0 by means of a map that transforms G2/K2 into one of G(P>)
(see (4.1)), G1(C), Aut(C
∗)0, or Aut(T)0, respectively.
Further, for each 1 ≤ r ≤ n − 1 we fix a non-zero element tr ∈ h such
that the one-parameter subgroup Hr of H
0 arising from tr is represented in
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LH0 by transformations that act on L1(p) as follows
ξs 7→ ξs, s = 1, . . . , n− 1, s 6= r,
ξr 7→ e
iψξr,
where ψ ∈ R. We choose tr so that the element
t0 :=
n−1∑
r=1
tr (4.22)
generates the center z of h. We have
[tr, ts] = 0,
[tr, as] = µδ
s
rbr,
[tr, bs] = −µδ
s
rar,
(4.23)
for some µ ∈ R∗, where δsr is the Kronecker symbol and r, s = 1, . . . , n− 1.
We also note that h = z⊕ h′, where h′ is the derived algebra of h (which
is is isomorphic to sun−1), and the following holds
[h′, h⊥2 ] = 0.
Case 1.1. Suppose that S1 is a Lie subalgebra of g. In this case the
distribution L1 is integrable and gives rise to a foliation F1 ofM by connected
complex submanifolds of dimension n − 1. For q ∈ M we denote by F1(q)
the leaf of the foliation F1 passing through q. Since the foliation F1 is G-
invariant, its leaves are pairwise holomorphically equivalent. Let G1 be the
connected subgroup of G with Lie algebra S1 (clearly, we have H
0 ⊂ G1).
The leaf F1(p) coincides with the orbit G1p, and for g ∈ G the leaf F1(gp)
is an orbit of the group gG1g
−1. The group G1 acts properly on G1p and
the ineffectivity kernel K1 of this action is finite, hence by [Ka] the orbit
G1p is holomorphically equivalent to one of B
n−1, Cn−1, CPn−1 by means of
a map that transforms G1/K1 into one of the groups Aut(B
n−1), G(Cn−1),
G(CPn−1), respectively.
We will now show that each Gj is a closed subgroup of G. Assuming the
opposite, we obtain that the orbit Gjp accumulates to itself (in the sense ex-
plained in the proof of Theorem 3.1 above). Consider the set S := G1p∩G2p.
The set S contains a non-constant sequence converging to p. Clearly, H0 pre-
serves S. Since the H0-orbit of a point in S cannot have positive dimension,
the subgroup H0 fixes every point in S. At the same time, any compact
subgroup of dimension (n − 1)2 in Aut(Bn−1) or G(Cn−1) fixes exactly one
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point in Bn−1 or Cn−1, respectively (every such subgroup is maximal com-
pact), and any closed subgroup in G(CPn−1) of dimension (n − 1)2 fixes at
most two points in CPn−1 (a two-point set can only occur for n = 2). This
contradiction shows that Gj is closed in G for each j. Therefore, the action
of Gj on M is proper and hence every leaf of Fj is closed in M , for j = 1, 2.
Further, for any v1, v2 ∈ h
⊥
1 consider the commutator [v1, v2] and write it
in the general form [v1, v2] = a + c, where a ∈ h
⊥
1 , c ∈ h. Applying to this
identity the element of Ad(Z), where Z is the center of H0, that acts as −id
on h⊥1 , we see that a = 0, hence
[h⊥1 , h
⊥
1 ] ⊂ h. (4.24)
Let Pr be the subspace of h1 spanned by ar, br, r = 1, . . . , n− 1. If v1 ∈ Pr
and v2 ∈ Ps for r 6= s, then, applying to [v1, v2] the elements of Ad(Hr) and
Ad(Hs) that act as −id on Pr and Ps, respectively, we see that c changes
sign under each of these transformations, and therefore is equal to 0 (see
(4.20)). Thus, we have
[Pr,Ps] = 0, r, s = 1, . . . , n− 1, r 6= s. (4.25)
Next, we observe that, since every commutator [ar, br] for r = 1, . . . , n−1
is Ad(Hs)-invariant for s = 1, . . . , n− 1, the following holds
[ar, br] =
n−1∑
s=1
σsrts, (4.26)
for some σsr ∈ R. Applying to [ar, br] the transformations from Ad(H
0) that
interchange ar with as and br with bs for s = 1, . . . , n − 1, s 6= r, leaving
the other elements of the basis {ak, bk}k=1,...,n−1 in h
⊥
1 fixed, we see that
σrr = σ
s
s := σ for r, s = 1, . . . , n− 1. Further, the Jacobi identity applied to
all triples {ar, br, as} with r, s = 1, . . . , n − 1, r 6= s, together with (4.23),
(4.25) implies that σsr = 0 for r 6= s, and therefore we have
[ar, br] = σtr, r = 1, . . . , n− 1. (4.27)
Relations (4.23) and (4.27) imply that the subspace gr of S1 spanned by
ar, br, tr is in fact a Lie subalgebra for r = 1, . . . , n − 1. It is isomorphic to
the Lie algebra of Aut(B1) if and only if µσ < 0, to the Lie algebra of G(CP1)
if and only if µσ > 0 and to the Lie algebra of G(C) if and only if σ = 0. Let
Gr be the connected subgroup of G1 with Lie algebra gr. The tangent space
Tp(Grp) at p to the orbit Grp is a complex line in Tp(M), and LHr acts on
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Tp(Grp) effectively. Therefore, the orbit Grp is a complex curve in G1p and
there exists a discrete subgroup Kr of Gr such that Grp is holomorphically
equivalent to one of B1, CP1, C by means of a map that transformsGr/Kr into
one of the groups Aut(B1), G(CP1), G(C), respectively. Hence the restriction
of a G1-invariant Hermitian metric on G1p to Grp has a positive, negative,
or zero curvature, respectively. This shows that µσ < 0 if and only if G1p
is equivalent to Bn−1; µσ > 0 if and only if G1p is equivalent to CP
n−1; and
σ = 0 if and only if G1p is equivalent to C
n−1.
Case 1.1.1. Suppose that k2 = 0. In this case H
0 acts on G1p effectively,
and applying an argument from the proof of Theorem 2.1 in [I5] (see also the
proof of Theorem 3.1 above), we obtain that K1 is trivial. Furthermore, we
have
[h⊥2 , h] = 0. (4.28)
Next, consider the commutator [v1, v2], where vj ∈ h
⊥
j , j = 1, 2, and write it
in the general form [v1, v2] = a+b+c, where a ∈ h
⊥
1 , b ∈ h
⊥
2 , c ∈ h. Applying
to this identity the element of Ad(Z) that acts as −id on h⊥1 and taking into
account that Ad(Z) acts trivially on h⊥2 and h, we see that b = c = 0, that
is,
[h⊥1 , h
⊥
2 ] ⊂ h
⊥
1 . (4.29)
Relations (4.28) and (4.29) imply that S1 is an ideal in g, and hence G1 is
normal in G. This yields that every leaf of F1 is a G1-orbit, and therefore F1
is a holomorphic foliation.
As a special case of (4.29), for every v ∈ h⊥2 and 1 ≤ r ≤ n− 1 we have
[ar, v] =
n−1∑
s=1
(λsas + ωsbs),
[br, v] =
n−1∑
s=1
(λ′sas + ω
′
sbs),
where λs, λ
′
s, ωs, ω
′
s ∈ R. Applying to the above identities the family of
operators Ad(Hr) we see that λs = λ
′
s = ωs = ω
′
s = 0 for s 6= r and that
λ′r = −ωr, ω
′
r = λr. Hence for 1 ≤ r ≤ n− 1 we have
[ar, an] = αrar + βrbr, [br, an] = −βrar + αrbr,
[ar, bn] = γrar + δrbr, [br, bn] = −δrar + γrbr,
(4.30)
for some αr, βr, γr, δr ∈ R. Applying to [ar, an] and [ar, bn] a transformation
from Ad(H0) that interchanges ar with as and br with bs, we see that
αr = αs := α, βr = βs := β,
γs = γs := γ, δr = δs := δ,
(4.31)
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for r, s = 1, . . . , n− 1.
Further, we have
[an, bn] = ρan + νbn + t, (4.32)
where ρ, ν ∈ R and t ∈ h. Since the group Ad(H0) acts trivially on h⊥2 , it
fixes t, which implies that t lies in the center of h and therefore
t = ηt0, (4.33)
for some η ∈ R. For r = 1, . . . , n− 1 the Jacobi identity applied to the triple
{ar, an, bn}, together with (4.22), (4.23), (4.30), (4.32), (4.33) implies
αρ+ γν = 0,
βρ+ δν = µη.
(4.34)
Define
a′n := an +
β
µ
t0,
b′n := bn +
δ
µ
t0.
(4.35)
It then follows from (4.28), (4.30), (4.31), (4.32), (4.33) and the second iden-
tity in (4.34) that
[ar, a
′
n] = αar, [br, a
′
n] = αbr,
[ar, b
′
n] = γar, [br, b
′
n] = γbr,
[a′n, b
′
n] = ρa
′
n + νb
′
n.
(4.36)
In particular, the subspace S ′2 of g spanned by a
′
n, b
′
n is a Lie subalgebra in
g. Clearly, g is a semidirect sum of S1 and S
′
2. Let G
′
2 be the connected
subgroup of G with Lie algebra S ′2. Observe that F2(p) = G
′
2p and that for
g ∈ G the leaf F2(gp) is an orbit of gG
′
2g
−1. Since every leaf in F2 is closed
in M , it follows that G′2 is closed.
Further, the Jacobi identity applied to the triples {ar, br, an} and {ar, br, bn}
for r = 1, . . . , n− 1, together with (4.27), (4.28), (4.30), (4.31) yields
ασ = 0, γσ = 0. (4.37)
Case 1.1.1.a. Suppose that G1p is equivalent to one of B
n−1, CPn−1. In
this case σ 6= 0, and (4.37) gives α = γ = 0. Then (4.28), (4.36) imply that
the Lie subalgebra S ′2 is in fact an ideal in g, and therefore G
′
2 is normal in
G. This yields that F2 is a holomorphic foliation.
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Since g = S1 ⊕ S
′
2 and G1, G
′
2 are closed, the group G is a locally direct
product of G1 and G
′
2. Let T := G1 ∩ G
′
2. Clearly, T is a discrete normal
(hence central) subgroup of G1. However, the center of each of Aut(B
n−1),
G(CPn−1) is trivial. Hence T is trivial and therefore G = G1 ×G
′
2.
Let K ′2 be the ineffectivity kernel of the action of G
′
2 on G
′
2p. Then for
every g ∈ K ′2 its differential dg(p) at p in the coordinates (ξ1, . . . , ξn) in
Tp(M) has the form (
A 0
0 1
)
(4.38)
where A ∈ Un−1 (note that Tp(G
′
2p) is given by {ξ1 = 0, . . . , ξn−1 = 0}).
Hence the element g lies in H0 ⊂ G1, and therefore is trivial. Thus, K
′
2 is
trivial.
We will now show that for every q1, q2 ∈ M the orbits G1q1 and G
′
2q2
intersect at exactly one point. Clearly, G1q1 ∩ G
′
2q2 is non-empty (see the
proof of Theorem 3.1). We will now show that for every q ∈ M we have
G1q∩G
′
2q = {q}. Before proceeding, we remark that for n ≥ 3 and for n = 2
with G1p equivalent to B
1 this statement follows as in the proof of Theorem
3.1. Below we give a proof that works for n = 2 with G1p equivalent to
CP1 as well. Let for some q ∈M the intersection G1q ∩G
′
2q contain a point
q′ 6= q. Let g1 ∈ G1 be an element such that g1q = q
′. Clearly, g1 preserves
G′2q. Since g1 ∈ G1 and G = G1 ×G
′
2, the element g1 commutes with every
element of G′2. Consider the restriction g
′
1 := g1|G′2q. Recall that G
′
2q is
holomorphically equivalent to one of P> , C, C
∗, or an elliptic curve T by
means of a map f that transforms G′2 into one of G(P>), G1(C), Aut(C
∗)0,
or Aut(T)0, respectively. Then g′1 is transformed by f into an automorphism
of the corresponding curve that commutes with every automorphism in the
corresponding group.
If G′2q is equivalent to P> this implies that g
′
1 is transformed into the
identity, since the centralizer of G(P>) in Aut(P>) is trivial. Hence g
′
1 acts
on G′2q trivially, which contradicts our choice of g1. If G
′
2q is equivalent to
C, it follows that g′1 ∈ G1(C). Therefore, there exists g2 ∈ G
′
2 such that
g′1 = g2|G′2q. Thus, g := g1 ◦g
−1
2 acts trivially on G
′
2q. Hence dg(q) in suitable
coordinates in Tq(M) has the form (4.38). Therefore, g lies in a subgroup
conjugate to H0, hence g ∈ G1. This implies that g2 is trivial, which is
impossible. If G′2q is equivalent to either C
∗ or T, an analogous argument
leads to a contradiction. Thus, we have shown that for every q1, q2 ∈ M the
orbits G1q1 and G
′
2q2 intersect at exactly one point.
Let F1 be a biholomorphic map from G1p onto one of B
n−1, CPn−1 that
transforms G1 into one of Aut(B
n−1), G(CPn−1), respectively, and F2 a bi-
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holomorphic map from G′2p onto one of P> , C, C
∗, or an elliptic curve T,
that transforms G′2 into one of G(P>), G1(C), Aut(C
∗)0, or Aut(T)0, re-
spectively. For q ∈ M let p1 := G1p ∩ G
′
2q and p2 := G1q ∩ G
′
2p. Setting
F (q) := (F1(p1), F2(p2)) we obtain a map fromM onto the corresponding di-
rect product that transforms G into the product of the corresponding groups.
Since each foliation Fj is holomorphic, the map F is holomorphic. Thus, we
have obtained the direct products listed in (ia), (ib), (ic), (id), where M ′ is
either Bn−1 or CPn−1.
Case 1.1.1.b. Suppose that G1p is equivalent to C
n−1. For every q ∈M
consider the set
Sq := {x ∈M : G1x = G1 q} .
Since for two distinct points x, y lying in the same G1-orbit we have G1x 6=
G1 y, the set Sq intersects every G1-orbit in M at exactly one point. Fur-
thermore, for every x ∈ Sq the set Sq coincides near x with the leaf F2(x).
Hence Sq is the union of some leaves of F2. We will now prove that Sq in fact
consists of a single leaf, that is, Sq = F2(q). Indeed, it is sufficient to show
that every leaf F2(x) ⊂ Sq intersects every G1-orbit. We need to prove that
the set of orbits that F2(x) intersects is both open and closed. The openness
is obvious. To show the closedness, let G1yj be a sequence of G1-orbits that
intersect F2(x) and accumulate to an orbit G1y. Suppose that G1y does not
intersect F2(x). Let y
′ := Sq ∩ G1y. Then F2(y
′) ⊂ Sq and F2(y
′) 6= F2(x).
Clearly, F2(y
′) intersects every orbit G1yj if j is sufficiently large, and there-
fore Sq intersects G1yj at more than one point. This contradiction proves
that F2(x) intersects every G1-orbit, hence Sq = F2(q) for every q ∈M .
Let F1 : G1p→ C
n−1 be a biholomorphic map that takes p into the origin
and transforms G1 into G(C
n−1), and F2 a biholomorphic map from G
′
2p onto
one of P> , C, C
∗, or an elliptic curve T, that transforms G′2/K
′
2 into one
of G(P>), G1(C), Aut(C
∗)0, or Aut(T)0, respectively, where K ′2 denotes, as
before, the ineffectivity kernel of the action of G′2 on G
′
2p. For q ∈ M let
p1 := G1p ∩ G
′
2q and p2 := G1q ∩ G
′
2p. Setting F (q) := (F1(p1), F2(p2)) we
obtain a diffeomorphism from M onto a direct product Cn−1 ×M ′′, where
M ′′ is one of P>, C, C
∗, T.
We will now show that F is holomorphic. Let Π1 : M → G1p be the
projection to G1p along the leaves of F2 and Π2 :M → G
′
2p be the projection
to G′2p along the leaves of F1. In order to show that F is holomorphic, we
must prove that each Πj is holomorphic. By [Ch] it is sufficient to show that
each Πj is separately holomorphic on every leaf of each of F1, F2. Thus, we
need to show that Πj is holomorphic on every leaf of Fj, for j = 1, 2. Since
the foliation F1 is holomorphic, the map Π2 is holomorphic.
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We will now show that Π1 is holomorphic on every leaf of F1. Fix q ∈M
and let F0 : G1q → C
n−1 be a biholomorphic map that transforms G1 into
G(Cn−1). Therefore, there exists an automorphism ϕ of the group G(Cn−1)
such that Π1|G
1
q = F
−1
1 ◦ fϕ ◦ F0, where fϕ is the diffeomorphism of C
n−1
that maps z ∈ Cn−1 to the point w ∈ Cn−1 such that Iw = ϕ(Iz), with Iz
being the isotropy subgroup of z with respect to the action of G(Cn−1) on
Cn−1.
Every automorphism of G(Cn−1) has either the form
Uz + a 7→ g0Ug
−1
0 (z − b) + b+ La, (4.39)
or the form
Uz + a 7→ g0Ug
−1
0 (z − b) + b+ La, (4.40)
for some g0 ∈ Un−1, b ∈ C
n−1 and L ∈ GLn−1(C) (here U ∈ Un−1, a ∈
Cn−1). If ϕ has the form (4.39), then fϕ ∈ Aut(C
n−1), and thus Π1|G
1
q is
holomorphic. If ϕ has the form (4.40), then fϕ is antiholomorphic and so is
Π1|G
1
q. It is straightforward to show that the set of points x ∈M for which
Π1|G
1
x is anti-holomorphic is both open and closed, and thus coincides with
M . Since Π1|G
1
p is clearly holomorphic, we obtain a contradiction. Hence,
ϕ in fact has the form (4.39) and Π1|G
1
q is holomorphic. Thus, we have
constructed a biholomorphic map from M onto a direct product Cn−1×M ′′,
where M ′′ is one of P>, C, C
∗, T.
We will now describe the subgroup of Aut(Cn−1×M ′′) into which the map
F transforms the group G. Let GF := F ◦G ◦ F−1 and GF1 := F ◦G1 ◦ F
−1.
For ζ0 ∈ C
n−1 let Lζ0 := {(ζ, ξ) ∈ C
n−1 ×M ′′ : ζ = ζ0} and for ξ0 ∈ M
′′
let L′′ξ0 := {(ζ, ξ) ∈ C
n−1 ×M ′′ : ξ = ξ0}. By construction, L0 = F2(G
′
2p).
Let ξˆ := F2(p); then we have L
′′
ξˆ
= F1(G1p). For every ξ0 ∈ M
′′ the subset
L′′ξ0 is naturally identified with C
n−1, and, upon this identification, we have
GF1 |L′′ξ0
= fξ0 ◦G(C
n−1) ◦ f−1ξ0 for some fξ0 ∈ Aut(C
n−1), where fξˆ = id.
Let Φξ0 be the map
Φξ0 : G
F
1 |L′′
ξˆ
→ GF1 |L′′ξ0
, g|L′′
ξˆ
7→ g|L′′
ξ0
, for g ∈ GF1 .
Upon the identification of each of L′′
ξˆ
, L′′ξ0 with C
n−1, the map Φξ0 takes the
form
T 7→ fξ0 ◦ ϕ(T ) ◦ f
−1
ξ0
,
where T ∈ G(Cn−1) and ϕ is an automorphism of G(Cn−1) (see (4.39),
(4.40)). By the construction of the map F , for every point (ζ, ξˆ) ∈ L′′
ξˆ
,
every element g ∈ GF1 that fixes this point also fixes the point (ζ, ξ0) ∈ L
′′
ξ0
.
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It then follows that Φξ0 is in fact the identity map, that is, G
F
1 consists of all
maps of the form
ζ 7→ Uζ + a,
ξ 7→ ξ,
(4.41)
where U ∈ Un−1, a ∈ C
n−1.
Let gˆ be the Lie algebra of holomorphic vector fields on Cn−1 × M ′′
arising from the action of GF . Denote by aˆr, bˆr, aˆ
′
n, bˆ
′
n, tˆ0 the holomorphic
vector fields on Cn−1 × M ′′ arising from ar, br, a
′
n, b
′
n, t0, respectively, for
r = 1, . . . , n − 1. Since F transforms H0 into the group of maps of the
form (4.41) with a = 0, we have
tˆ0 = iµ
′
n−1∑
s=1
ζs ∂/∂ζs,
for some µ′ ∈ R∗. Considering the commutators [tˆ0, aˆr], [tˆ0, bˆr] and using
(4.22), (4.23) we see that
aˆr =
n−1∑
s=1
Asr ∂/∂ζs,
bˆr = ±i
n−1∑
s=1
Asr ∂/∂ζs,
where (Asr)r,s=1,...,n−1 ∈ GLn−1(C). Next, using the identities [tˆ0, aˆ
′
n] = 0,
[tˆ0, bˆ
′
n] = 0 (see (4.28)), from (4.36) we obtain
aˆ′n =
n−1∑
s=1
fs ∂/∂ζs + a
′′
n,
bˆ′n =
n−1∑
s=1
gs ∂/∂ζs + b
′′
n,
(4.42)
where fs, gs are linear functions of ζ1, . . . , ζn−1, and a
′′
n, b
′′
n are holomorphic
vector fields onM ′′. Moreover, it follows from the first identity in (4.34) that
ρfs + νgs ≡ 0, s = 1, . . . , n− 1. (4.43)
Recall that F maps G′2p biholomorphically onto L0 and transforms G
′
2/K
′
2
into one of G(P>), G1(C), Aut(C
∗)0, Aut(T)0 (where we identify L0 with
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one of P>, C, C
∗, T, respectively). Therefore, a′′2|L0 and b
′′
2|L0 span the Lie
algebra of holomorphic vector fields on L0 arising from the action of one of
these groups.
If G′2p is equivalent to P>, then we have
a′′n = (xξ + iy) ∂/∂ξ, b
′′
n = (uξ + iv) ∂/∂ξ,
where x, y, u, v ∈ R, xv − yu 6= 0. Considering [aˆ′n, bˆ
′
n] and using (4.36), we
obtain
ρx+ νu = 0, xv − yu = ρy + νv. (4.44)
Since ρ2 + ν2 > 0 (the group G(P>) is not abelian), it follows that x = ν,
u = −ρ. Now (4.42), (4.43), (4.44) yield
ρaˆ′n + νbˆ
′
n = i(ρy + νv) ∂/∂ξ,
and therefore the algebra gˆ contains the vector field i ∂/∂ξ. Hence gˆ is
spanned by the vector fields arising from the action of GF1 , the vector field
i ∂/∂ξ, and a vector field of the form
n−1∑
s=1
hs ∂/∂ζs + ξ ∂/∂ξ,
where hs are linear functions of ζ1, . . . , ζn−1. The one-parameter subgroup of
GF arising from such a vector field has the form
ζ 7→ eRτζ,
ξ 7→ eτξ,
where R ∈ gln−1 and τ ∈ R. Since G
F
1 is normal in G
F , it follows that
the matrix eRτ lies in the normalizer of Un−1 in GLn−1(C) for all τ ∈ R.
Therefore, there exists T ∈ R such that eRτ ∈ eTτ · Un−1 for all τ . We have
now shown that GF is the group G(Cn−1)×G(P>) if T = 0, and the group
of maps of the form (4.13) if T 6= 0, where z′ and zn are replaced with ζ and
ξ, respectively. Thus, we have obtained Example (id) for M ′ = Cn−1, as well
as Example (v).
If G′2p is equivalent to C, then a
′′
n and b
′′
n are constant vector fields. There-
fore, gˆ is spanned by the vector fields arising from the action of GF1 , and some
vector fields
n−1∑
s=1
fˆs ∂/∂ζs + ∂/∂ξ,
n−1∑
s=1
gˆs ∂/∂ζs + i ∂/∂ξ,
(4.45)
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where fˆs, gˆs are linear functions of ζ1, . . . , ζn−1. The one-parameter subgroups
of GF arising from these vector fields have the forms
ζ 7→ eR1τζ,
ξ 7→ ξ + τ,
ζ 7→ eR2τζ,
ξ 7→ ξ + iτ,
where Rj ∈ gln−1 for j = 1, 2, and τ ∈ R. Using the normality of G
F
1 in G
F
as above, we see that GF is the group of maps of the form (4.7) for some
T ∈ C, where z′ and zn are replaced with ζ and ξ, respectively. Thus, we
have obtained Example (ia) for M ′ = Cn−1 and Example (iiia).
If G′2p is equivalent to C
∗, then we have
a′′n = uξ ∂/∂ξ, b
′′
n = vξ ∂/∂ξ,
where u, v ∈ C∗. Therefore, gˆ is spanned by the vector fields arising from
the action of GF1 , and some vector fields
n−1∑
s=1
fˆs ∂/∂ζs + ξ ∂/∂ξ,
n−1∑
s=1
gˆs ∂/∂ζs + iξ ∂/∂ξ,
where fˆs, gˆs are as in (4.45). The one-parameter subgroups of G
F arising
from these vector fields have the forms
ζ 7→ eR1τζ,
ξ 7→ eτξ,
ζ 7→ eR2τζ,
ξ 7→ eiτξ,
where Rj ∈ gln−1 for j = 1, 2, and τ ∈ R. Arguing as above, we see that G
F
is the group of maps of the form
ζ 7→ eRe (Tb)Uζ + a,
ξ 7→ ebξ,
for some T ∈ C, where U ∈ Un−1, a ∈ C
n−1, b ∈ C. The action of this
group on Cn−1 × C∗ is proper if and only if T ∈ R. Thus, we have obtained
Example (ib) for M ′ = Cn−1 and Example (iiib).
If G′2p is equivalent to T, then the lifts of a
′′
n and b
′′
n to C are constant
vector fields. Therefore, gˆ is spanned by the vector fields arising from the
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action of GF1 , and some vector fields
n−1∑
s=1
fˆs ∂/∂ζs + a
′′′
n ,
n−1∑
s=1
gˆs ∂/∂ζs + b
′′′
n ,
where fˆs, gˆs are as in (4.45), and where a
′′′
n and b
′′′
n are vector fields on T whose
lifts to C are ∂/∂ξ and i∂/∂ξ, respectively. The one-parameter subgroups of
GF arising from these vector fields have the forms
ζ 7→ eR1τζ,
ξ 7→ Ψτ (ξ),
ζ 7→ eR2τζ,
ξ 7→ Ψiτ (ξ),
where Rj ∈ gln−1 for j = 1, 2, τ ∈ R, and for b ∈ C the map Ψb is an element
of Aut(T)0 induced by the translation by b on C. Arguing as earlier, we see
that GF is the group of maps of the form
ζ 7→ eRe (Tb)Uζ + a,
ξ 7→ Ψb(ξ),
for some T ∈ C, where U ∈ Un−1, a ∈ C
n−1, b ∈ C. The action of such a
group on C× T is proper only for T = 0. Thus, we have obtained Example
(ic) for M ′ = Cn−1.
Case 1.1.2. Suppose that k2 6= 0. Since [an, bn] is Ad(H)-invariant, we
have
[an, bn] = ηt0 (4.46)
for some η ∈ R (cf. (4.32), (4.33)). Further, for every r = 1, . . . , n − 1 we
have
[tr, an] =
k2
k1
µbn, [tr, bn] = −
k2
k1
µan, (4.47)
Next, consider the collections of commutators
Cr := {[ar, an], [ar, bn], [br, an] [br, bn]} , r = 1, . . . , n− 1.
We expand each commutator in Cr with respect to the decomposition g =
h⊥1 + h
⊥
2 + h and see what terms can be present in the expansion.
Case 1.1.2.a. Suppose that n ≥ 3. In this case we apply transformations
from Ad(Hs) for 1 ≤ s ≤ n− 1, s 6= r, to every element of Cr. This immedi-
ately yields that the element’s expansion does not have terms containing al,
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bl for l 6= s, n, and
[ar, an] ≡ αran + βrbn (mod h
⊥
1 + h),
[ar, bn] ≡ −βran + αrbn (mod h
⊥
1 + h),
[br, an] ≡ γran + δrbn (mod h
⊥
1 + h),
[br, bn] ≡ −δran + γrbn (mod h
⊥
1 + h),
(4.48)
for some αr, βr, γr, δr ∈ R.
Case 1.1.2.a.1. Suppose that n ≥ 4. In this case by varying s in the
above argument we obtain that every element of Cr has a zero projection to
h⊥1 for r = 1, . . . , n− 1. Next, we apply transformations from Ad(Z) to each
commutator in Cr.
Firstly, assume in addition that k1 6= ±k2(n− 1) and k1 6= ±2k2(n − 1).
For such k1, k2 a straightforward calculation implies that every element of
Cr is in fact zero. Applying the Jacobi identity to the triple {ar, br, an} for
r = 1, . . . , n − 1 and using (4.27), (4.47), we see that σ = 0. Therefore
G1p is holomorphically equivalent to C
n−1 by means of a map that trans-
forms G1/K1 into G(C
n−1). Next, applying the Jacobi identity to the triple
{ar, an, bn} and using (4.23), (4.46), we obtain that η = 0 which implies that
G2p is holomorphically equivalent to C by means of a map that transforms
G2/K2 into G(C). Therefore, g is isomorphic to the Lie algebra of the group
Gk1,k2(C
n) defined in Example (vi).
Every connected Lie group with Lie algebra isomorphic to that of the
group Gk1,k2(C
n) and containing an (n−1)2-dimensional compact subgroup is
isomorphic either to the group Gk1,k2(C
n) or to its finitely-sheeted cover. Let
G be one of these groups. Then every (n−1)2-dimensional compact subgroup
K ⊂ G is maximal compact. Furthermore, G acts effectively on G/K only
if G = Gk1,k2(C
n). Therefore, the group G is isomorphic to Gk1,k2(C
n), and
this isomorphism induces a diffeomorphism from G/H onto Gk1,k2(C
n)/K,
where K is a maximal compact subgroup of Gk1,k2(C
n). Next, Gk1,k2(C
n)/K
is Gk1,k2(C
n)-equivariantly diffeomorphic to Cn. The linearization of the
action of K on Cn at its fixed point pK has exactly two non-trivial proper
real invariant subspaces L1, L2 ⊂ TpK (C
n). Their dimensions are 2(n − 1)
and 2. Observe that there are exactly two non-trivial proper LH0-invariant
real subspaces in Tp(M), and that these subspaces are in fact complex and
have complex dimensions (n − 1) and 1. Therefore, L1 and L2 are complex
subspaces of TpK(C
n) with respect to the complex structure induced on Cn by
that ofM . We will now determine allGk1,k2(C
n)-invariant complex structures
on Cn for which L1 and L2 are complex.
Let P be a Lie group with Lie algebra p and Q a closed subgroup in
P with Lie algebra q. If the manifold P/Q admits a P -invariant complex
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structure, then there is a linear endomorphism J of p satisfying the following
conditions:
(1) Jq ⊂ q,
(2) J2x ≡ −x (mod q) for all x ∈ p,
(3) J [x, y] ≡ [x, Jy] (mod q) for all x ∈ q, y ∈ p,
(4) [Jx, Jy] ≡ [x, y] + J [Jx, y] + J [x, Jy] (mod q) for all x, y ∈ p,
(4.49)
and the map J induces a linear transformation J˜ of p/q, which, upon the
canonical identification of p/q with the tangent space TQ(P/Q), coincides
with the operator of complex structure on TQ(P/Q) (see [Kosz]). For P =
Gk1,k2(C
n), Q = K and J˜ leaving invariant the subspaces L1 and L2, condi-
tions (1)–(3) of (4.49) lead to the following four structures: (a) the standard
complex structure on Cn, (b) the complex structure conjugate to the stan-
dard one, (c) the complex structures obtained by conjugating the standard
complex structure in either z′ or zn (note that condition (4) does not con-
tribute any additional information in this situation). The manifold in case
(b) is holomorphically equivalent to Cn by means of a map that preserves
the group Gk1,k2(C
n). On the other hand, each of the two manifolds in case
(c) is holomorphically equivalent to Cn by means of a map that transforms
the group Gk1,k2(C
n) into Gk1,−k2(C
n). Thus, we have obtained Example (vi)
for n ≥ 4 and k1 6= ±k2(n− 1), k1 6= ±2k2(n− 1).
Assume next that k1 = ±2k2(n− 1), that is, k1 = 2(n− 1), k2 = ±1. In
this case the application of transformations from Ad(Z) to the commutators
in Cr does not immediately imply that they are all equal to zero; instead,
after a short calculation it leads to the following relations
[ar, an] = α
′
ran + β
′
rbn,
[ar, bn] = β
′
ran − α
′
rbn,
[br, an] = ∓β
′
ran ± α
′
rbn,
[br, bn] = ±α
′
ran ± β
′
rbn,
for some α′r, β
′
r ∈ R, r = 1, . . . , n − 1. Together with (4.48) these relations
do in fact imply that all commutators in Cr are in fact equal to zero, for
r = 1, . . . , n − 1. Arguing as earlier, we are now led to Example (vi) for
n ≥ 4 and k1 = ±2k2(n− 1).
Assume finally that k1 = ±k2(n − 1), that is, k1 = n − 1, k2 = ±1. In
this case the application of transformations from Ad(Z) to the commutators
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in Cr only yields
Cr ⊂ h,
[ar, an] = ±[br, bn],
[ar, bn] = ∓[br, an].
(4.50)
Applying, as earlier, the Jacobi identity to the triple {ar, br, an} and using
(4.27), (4.47) we obtain
k2
k1
µσbn + [[br, an], ar] + [[an, ar], br] = 0, r = 1, . . . , n− 1. (4.51)
Due to (4.19), (4.50), the last two terms in the left-hand side of (4.51) lie in
h⊥1 , which implies that σ = 0.
For r = 1, . . . , n − 1 let Hˆr be the subgroup of H
0 represented in LH0
by transformations that preserve each of the variables ξr, ξn. Since Ad(Hˆr)
preserves each element of Cr, we have
[ar, an] =
n−1∑
s=1
νsr ts,
[br, an] =
n−1∑
s=1
ρsrts,
for some νsr , ρ
s
r ∈ R (see (4.20)). Now (4.23), (4.51) imply that ν
r
r = 0,
ρrr = 0 for r = 1, . . . , n − 1 (recall that σ = 0). Next, from (4.23), (4.25),
(4.50) and the Jacobi identity applied to the triples {ar, as, an}, {br, bs, an}
where s = 1, . . . , n − 1, s 6= r, we see that νsr = ρ
s
r = 0. From relations
(4.50) we now see that for k1 = ±k2(n − 1) every commutator in Cr is zero
for r = 1, . . . , n − 1. Arguing as earlier, we obtain Example (vi) for n ≥ 4
and k1 = ±k2(n− 1).
Case 1.1.2.a.2. Suppose that n = 3. We first assume that k1 6= ±k2. In
this case, the application of transformations from Ad(Hs) for s 6= r to the
elements of Cr yields
[ar, a3] ≡ αra3 + βrb3 (mod h),
[ar, b3] ≡ −βra3 + αrb3 (mod h),
[br, a3] ≡ γra3 + δrb3 (mod h),
[br, b3] ≡ −δra3 + γrb3 (mod h),
for some αr, βr, γr, δr ∈ R, r = 1, 2 (cf. (4.48)). If, furthermore, we have
k1 6= ±2k2, then the arguments used in Case 1.1.2.a.1 work for this case as
well and lead to Example (vi) for n = 3 and k1 6= ±k2, k1 6= ±2k2.
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Let k1 = ±2k2, that is, k1 = 2, k2 = ±1. As in Case 1.1.2.a.1, the
application of transformations from Ad(Z) to the commutators in Cr yields
αr = 0, βr = 0,
γr = 0, δr = 0,
[ar, a3] = ±[br, b3],
[ar, b3] = ∓[br, a3].
(4.52)
(cf. (4.50)). We now apply transformations from Ad(Hr) to the commutators
in Cr, for r = 1, 2. Writing explicitly the action of Ad(Hr) on h and using
(4.52), it is straightforward to see that all commutators in Cr are in fact zero,
for r = 1, 2. We then obtain Example (vi) for n = 3 and k1 = ±2k2.
Assume now that k1 = ±k2, that is, k1 = 1, k2 = ±1. In this case, the
application of transformations from Ad(Hs) for s 6= r to the elements of Cr
yields
[a1, a3] ≡ α˜1a2 + β˜1b2 + α1a3 + β1b3 (mod h),
[a1, b3] ≡ ∓β˜1a2 ± α˜1b2 − β1a3 + α1b3 (mod h),
[b1, a3] ≡ γ˜1a2 + δ˜1b2 + γ1a3 + δ1b3 (mod h),
[b1, b3] ≡ ∓δ˜1a2 ± γ˜1b2 − δ1a3 + γ1b3 (mod h),
[a2, a3] ≡ α˜2a1 + β˜2b1 + α2a3 + β2b3 (mod h),
[a2, b3] ≡ ∓β˜2a1 ± α˜2b1 − β2a3 + α2b3 (mod h),
[b2, a3] ≡ γ˜2a1 + δ˜2b1 + γ2a3 + δ2b3 (mod h),
[b2, b3] ≡ ∓δ˜2a1 ± γ˜2b1 − δ2a3 + γ2b3 (mod h),
for some αr, α˜r, βr, β˜r, γr, γ˜r, δr, δ˜r ∈ R, r = 1, 2. Applying next transforma-
tions from Ad(Z) to the commutators in Cr gives that all these commutators
have a zero projection to h and that
αr = βr = γr = δr = 0,
γ˜r = β˜r, δ˜r = −α˜r.
for r = 1, 2.
If k1 = 1, k2 = −1, then, applying condition (4) of (4.49) to the G-
invariant complex structure on G/H and the vectors x = ar, y = a3, and
using the fact that the pull-back to h⊥ of the operator of complex structure
on TH(G/H) is given by (4.21) in the basis {ak, bk}k=1,2,3, we obtain that
α˜r = 0, β˜r = 0, for r = 1, 2. Thus, in this case all commutators in Cr are
zero for r = 1, 2, and we obtain Example (vi) for n = 3 and k1 = 1, k2 = ±1.
Assume now that k1 = 1, k2 = 1. Let Hˆ be the subgroup of H
0 rep-
resented in LH0 by transformations preserving the variable ξ3 and acting
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on L1(p) by matrices from the group SU2. Applying transformations from
Ad(Hˆ) to the commutators in Cr, we see that α˜2 = −α˜1 and β˜2 = −β˜1. We
set: α := α˜1, β := β˜1. If α = 0, β = 0, then, arguing as earlier, we obtain
Example (vi) for n = 3 and k1 = 1, k2 = ±1. Let α
2 + β2 > 0. We have
[a1, a3] = αa2 + βb2,
[a1, b3] = −βa2 + αb2,
[b1, a3] = βa2 − αb2,
[b1, b3] = αa2 + βb2,
[a2, a3] = −αa1 − βb1,
[a2, b3] = βa1 − αb1,
[b2, a3] = −βa1 + αb1,
[b2, b3] = −αa1 − βb1.
(4.53)
We now apply the Jacobi identity to the triples {a1, a2, a3}, {a1, b2, a3}. It
follows from (4.25), (4.27), (4.53) that σ = 0. Therefore G1p is holomor-
phically equivalent to C2. Next, applying the Jacobi identity to the triple
{a1, a3, b3} and using (4.23), (4.46), (4.53), we obtain ηµ = 2(α
2 + β2) > 0.
Therefore, G2p is equivalent to CP
1. It now follows that g is isomorphic to
the Lie algebra of the group G (CP3 \ CP1) defined in (4.18).
Every connected Lie group that has such a Lie algebra and contains a sub-
group isomorphic to U2 is isomorphic to the group G (CP
3 \ CP1). Therefore,
G is isomorphic to G (CP3 \ CP1). Under this isomorphism H is mapped into
a subgroup K ⊂ G (CP3 \ CP1) for which K0 is isomorphic to U2. It follows
from Lemma 4.2 that every connected component of H has the form gH0,
where g lies in the centralizer of H0 in G. It is straightforward to see, how-
ever, that the centralizer of any subgroup of G (CP3 \CP1) isomorphic to
U2 coincides with the center of this subgroup, and therefore K is connected.
The isomorphism between G and G (CP3 \ CP1) induces a diffeomorphism
between G/H and G (CP3 \ CP1) /K.
Observe that there are two kinds of subgroups of G (CP3 \ CP1) isomor-
phic to U2. Subgroups of the first kind are conjugate to the subgroup K1 for
which A = 0 and V is diagonal; subgroups of the second kind are conjugate
to the subgroup K2 for which A = 0 and U is diagonal (see (4.18)). There
exists an automorphism of G (CP3 \ CP1) that maps K2 into K1. Indeed,
every map of the form (4.18) is determined by the matrix
CU,V,A :=
(
U A
0 V
)
.
The automorphism of G (CP3 \ CP1) that maps K2 into K1 corresponds to
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the following transformation of such matrices
CU,V,A 7→
(
CT
a
U,V,A
)−1
,
where T a denotes the operation of taking the transpose of a matrix with
respect to its anti-diagonal.
Thus, we can assume that an isomorphism between G and G (CP3 \ CP1)
is chosen so that H is mapped into a subgroup of the first kind. It is then
clear that the manifold G (CP3 \ CP1) /K is G (CP3 \ CP1)-equivariantly dif-
feomorphic to CP3 \ {w = 0} (see Example (xi)). The linearization of the
action of K on CP3\{w = 0} at its fixed point pK has exactly two non-trivial
proper real invariant subspaces L1, L2 ⊂ TpK (CP
3 \ {w = 0}). Their dimen-
sions are 2 and 4, and they are in fact complex subspaces with respect to the
complex structure induced on CP3 \ {w = 0} by that of M . To determine all
G (CP3 \ CP1)-invariant complex structures on CP3 \ {w = 0} for which L1
and L2 are complex, we again use conditions (4.49). In this case they lead ei-
ther to the standard complex structure on CP3 \{w = 0} or to its conjugate.
The manifold corresponding to the latter structure clearly is holomorphically
equivalent to CP3 \ {w = 0} by means of a map that preserves the group
G (CP3 \ CP1). Thus, we have obtained Example (xi).
Case 1.1.2.b. Suppose that n = 2. In this case the group H is 1-
dimensional and we apply transformations from Ad(H0) to the commutators
in C1. If k1 6= ±2k2, k2 6= ±2k1, we obtain that every element in C1 is zero,
which leads, as before, to Example (vi) for n = 2 and k2 6= ±k1, k1 6= ±2k2,
k2 6= ±2k1.
Assume that k1 = ±2k2, that is, k1 = 2, k2 = ±1. In this case we obtain
[a1, a2] = αa2 + βb2,
[b1, a2] = ∓βa2 ± αb2,
[a1, b2] = βa2 − αb2,
[b1, b2] = ±αa2 ± βb2.
(4.54)
If k1 = 2, k2 = −1, then, applying condition (4) of (4.49) to the G-invariant
complex structure on G/H and the vectors x = a1, y = a2, and using the fact
that the pull-back to h⊥ of the operator of complex structure on TH(G/H) is
given by (4.21) in the basis {ak, bk}k=1,2, we obtain that α = 0, β = 0. Thus,
in this case all commutators in C1 are zero, and we obtain Example (vi) for
n = 2 and k1 = 2, k2 = ±1.
Assume now that k1 = 2, k2 = 1. If α = 0, β = 0, then we obtain
Example (vi) for n = 2 and k1 = 2, k2 = ±1. Let α
2 + β2 > 0. Applying the
Jacobi identity to the triple {a1, b1, a2} and using (4.27), (4.47), (4.54), we
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see that µσ = −4(α2+β2) < 0, and hence G1p is holomorphically equivalent
to B1. Furthermore, applying the Jacobi identity to the triple {a1, a2, b2}
and using (4.23), (4.46), (4.54), we obtain that η = 0. Therefore, G2p is
equivalent to C. It now follows that g is isomorphic to the Lie algebra of the
group G (B1 × C) defined in Example (ix).
Every connected Lie group with Lie algebra isomorphic to that of the
group G (B1 × C) and containing a 1-dimensional compact subgroup is iso-
morphic either to the groupG(B1×C) or to its finitely-sheeted cover. Arguing
as in Case 1.1.2.a.1, we see that G is isomorphic to G(B1×C). This isomor-
phism induces a diffeomorphism from G/H onto G(B1×C)/K, where K is a
maximal compact subgroup of G(B1×C). Next, G(B1×C)/K is G(B1×C)-
equivariantly diffeomorphic to B1 × C. As in Cases 1.1.2.a.1 and 1.1.2.a.2,
we are now led to determining all G(B1 × C)-invariant complex structures
on B1 × C for which the non-trivial proper real invariant subspaces of the
linearization of the action of K at its fixed point are in fact complex lines.
Conditions (4.49) yield in this case the standard complex structure on B1×C
and its conjugate. It is straightforward to see that the manifold arising from
the latter complex structure is equivalent to B1×C by means of a map that
preserves the group G(B1 × C). Thus, we have obtained Example (ix). Ob-
serve further that the case k2 = ±2k1 differs from the case that we have just
considered by the permutation of the indices and therefore leads to Example
(ix) as well.
Case 1.2. Suppose that S1 is not a Lie subalgebra in g. For any v1, v2 ∈
h⊥1 consider the commutator [v1, v2] and write it in the general form [v1, v2] =
a+ b+ c, where a ∈ h⊥1 , b ∈ h
⊥
2 , c ∈ h. Applying to this identity the element
of Ad(Z) that acts as −id on h⊥1 , we see that a = 0, hence the projection of
[h⊥1 , h
⊥
1 ] to h
⊥
1 is trivial (cf. (4.24)).
Case 1.2.1. Suppose that k2 = 0. If in the above argument v1 ∈ Pr and
v2 ∈ Ps for r, s = 1, . . . , n−1, r 6= s, then we apply to the commutator [v1, v2]
the transformation from Ad(Hr) that acts as −id on Pr. Since Ad(H
0) acts
trivially on h⊥2 , we immediately see that [v1, v2] ∈ h. Arguing now as in Case
1.1, we obtain (4.25).
Since S1 is not a Lie subalgebra of h and (4.19) holds, it follows that
for some 1 ≤ r ≤ n − 1 the commutator [ar, br] has a non-zero projection
to h⊥2 . Write [ar, br] in the general form [ar, br] = b + c, where b, c are as
above with b 6= 0, and let [as, bs] = b
′ + c′ be an analogous decomposition for
1 ≤ s ≤ n − 1, s 6= r. Applying to [ar, br] a transformation from Ad(H
0)
that interchanges ar with as and br with bs, we see that b
′ = b. Observing,
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in addition, that [ar, br] is Ad(Hs)-invariant for s = 1, . . . , n− 1, we obtain
[ar, br] = ωan + κbn +
n−1∑
s=1
σsrts, r = 1, . . . , n− 1, (4.55)
for some ω, κ, σsr ∈ R with ω
2+κ2 > 0 (cf. (4.27)). Applying to identity (4.55)
transformations from Ad(H0) that interchange ar with as and br with bs for
s = 1, . . . , n−1, s 6= r, leaving the other elements of the basis {ak, bk}k=1,...,n
fixed, we see that σrr = σ
s
s := σ for r, s = 1, . . . , n− 1.
Next, we note that relations (4.28)–(4.34) remain true in this case as well.
We now define a′n and b
′
n by formulas (4.35) and observe, as in Case 1.1.1,
that relations (4.36) hold. Hence the subspace S ′2 of g spanned by a
′
n, b
′
n is
a Lie subalgebra in g. Clearly, we have F2(p) = G
′
2p, and for g ∈ G the leaf
F2(gp) is an orbit of gG
′
2g
−1. The orbit G′2p is holomorphically equivalent to
one of P>, C, C
∗, or an elliptic curve T by means of a map that transforms
G′2/K
′
2 into one of G(P>), G1(C), Aut(C
∗)0, or Aut(T)0, respectively, where
K ′2 is the discrete ineffectivity kernel of the G
′
2-action on G
′
2p.
Using a′n, b
′
n, we can rewrite identity (4.55) as
[ar, br] = ωa
′
n + κb
′
n +
n−1∑
s=1
σ′
s
rts, r = 1, . . . , n− 1,
for some σ′sr ∈ R, with σ
′r
r = σ − (β + δ)/µ := σ
′ for all r. Now the Jacobi
identity applied to all triples {ar, br, as} with r, s = 1, . . . , n − 1, r 6= s,
together with (4.23), (4.25), (4.36) implies that σ′sr = 0, and therefore we
have
[ar, br] = ωa
′
n + κb
′
n + σ
′tr, r = 1, . . . , n− 1. (4.56)
Next, the Jacobi identity applied to the triples {ar, br, a
′
n} and {ar, br, b
′
n}
for r = 1, . . . , n− 1, together with (4.28), (4.36), (4.56) yields
κρ+ 2αω = 0, κν + 2ακ = 0,
ωρ− 2γω = 0, ων − 2γκ = 0,
ασ′ = 0, γσ′ = 0,
(4.57)
Let v be the Lie algebra generated by S1. It follows from the above
discussion that v has dimension n2. Moreover, from (4.28), (4.36), (4.57)
we see that v is in fact an ideal in g. Let V ⊂ G be the normal connected
(possibly non-closed) subgroup with Lie algebra v. Clearly, H0 lies in V .
The orbit V p is a (possibly non-closed) real hypersurface in M , and the
complex subspaces in L1 at the points of V p give complex tangent spaces
Proper Actions on Complex Manifolds 43
to V p. Since LH0 acts transitively on directions in L(p) and [ar, br] 6= 0 for
r = 1, . . . , n− 1, the hypersurface V p is strongly pseudoconvex.
For a strongly pseudoconvex hypersurface S we denote by AutCR(S) the
Lie group of CR-automorphisms of S. We have AutCR(V p) ≥ n
2, and there-
fore dimVp ≥ (n− 1)
2. Hence p is an umbilic point of V p, which due to the
homogeneity of V p yields that V p is spherical. Since V is normal in G, it
follows that every orbit of V in M is a spherical hypersurface CR-equivalent
to V p.
In [I3] (see also [I4]) we listed all CR-homogeneous spherical CR-manifolds
S of dimension 2n − 1 for which AutCR(S) ≥ n
2, with n ≥ 2. Proposition
3.3 of [I4] gives that V p is CR-equivalent to one of:
(a) a lens space Ll := S
2n−1/Zl for some l ∈ N;
(b) Σ := {(z′, zn) ∈ C
n−1 × C : Re zn = |z
′|2} ;
(c) Υ := {(z′, zn) ∈ C
n−1 × C : |zn| = exp (|z
′|2)};
(d) Ω := {(z′, zn) ∈ C
n−1 × C : |z′|2 + exp (Re zn) = 1} ;
(e) Eε := {(z
′, zn) ∈ C
n−1 × C : |z′|2 + |zn|
ε = 1, zn 6= 0},
for some ε > 0.
Furthermore, since the group V acts properly and effectively on V p, Proposi-
tion 3.4 of [I4] yields that a CR-equivalence map can be chosen to transform
V |V p into one of the following groups, respectively:
(a) RLl := Un/Zl;
(b) the group RΣ which consists of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ zn + 2〈Uz
′, a〉+ |a|2 + ib,
where U ∈ Un−1, a ∈ C
n−1, b ∈ R, and 〈·, ·〉 denotes the inner product in
Cn−1;
(c) the group RΥ which consists of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ e
iψ exp
(
2〈Uz′, a〉+ |a|2
)
zn,
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where U, a are as above, and ψ ∈ R;
(d) the group RΩ which consists of all maps of the form
z′ 7→
Az′ + b
cz′ + d
,
zn 7→ zn − 2 ln(cz
′ + d) + ia,
where A, b, c, d are as in (4.2), and a ∈ R;
(e) the group REε which consists of all maps of the form
z′ 7→
Az′ + b
cz′ + d
,
zn 7→
eiψzn
(cz′ + d)2/ε
,
where A, b, c, d are as in (4.2), and ψ ∈ R.
Suppose first that V is a closed subgroup in G. Then V acts properly
on M and therefore every orbit of V is closed in M . Under this assumption,
arguing as in Section 3.4 of [I4] (see also Theorem 2.7 in [IKru] for case
(a) with l = 1), one can determine M . We will treat each of cases (a)–(e)
separately.
Suppose that V p is CR-equivalent to Ll for some l ∈ N. Then M is
holomorphically equivalent to one of
(a1) SR1,R2,l := {z ∈ C
n : R1 < |z| < R2} /Zl, 0 ≤ R1 < R2 ≤ ∞,
(a2) Md/Zl, d ∈ C
∗, |d| 6= 1,
where Md is a Hopf manifold (see Example (vii)). Observe that if in subcase
(a1) we have either R1 > 0 or R2 <∞, then Aut(SR1,R2,l) = RLl and hence
SR1,R2,l does not admit an action of an (n
2+1)-dimensional group for such R1,
R2. Therefore, in subcase (a1) we in fact have R1 = 0, R2 = ∞, (note that
S0,∞,l = C
n∗/Zl). Furthermore, in each of subcases (a1), (a2) an equivalence
map can be chosen to transform V into RLl .
Suppose next that V p is CR-equivalent to Σ. ThenM is holomorphically
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equivalent to one of
(b1) ΣR1,R2 := {(z
′, zn) ∈ C
n−1 × C : R1 + |z
′|2 < Re zn < R2 + |z
′|2} ,
−∞ ≤ R1 < R2 ≤ ∞,
(b2) Cn−1 × C∗.
Observe that if in subcase (b1) we have R1 > −∞ and R2 < ∞, then
Aut(ΣR1,R2) = RΣ and hence ΣR1,R2 does not admit an action of an (n
2+1)-
dimensional group for such R1, R2. Therefore, in subcase (b1) we have either
R1 = −∞, R2 <∞ or R1 > −∞, R2 =∞ or R1 = −∞, R2 =∞ (note that
Σ−∞,R2 is equivalent to P
n
< if R2 <∞ (see (4.17)), ΣR1,∞ is equivalent to P
n
>
if R1 > −∞ (see (4.16)), and Σ−∞,∞ = C
n). Furthermore, an equivalence
map can be chosen so that it transforms V in subcase (b1) into RΣ and in
subcase (b2) into the group of maps
z′ 7→ Uz′ + a,
zn 7→ exp
(
Λ(2〈Uz′, a〉+ |a|2 + ib)
)
zn,
where U ∈ Un−1, a ∈ C
n−1, b ∈ R, and Λ is a fixed complex number with
ImΛ 6= 0.
Suppose that V p is CR-equivalent to Υ. Then M is holomorphically
equivalent to one of
(c1) ΥR1,R2 := {(z
′, zn) ∈ C
n−1 × C : R1 exp (|z
′|2) < |zn| < R2 exp (|z
′|2)} ,
0 ≤ R1 < R2 ≤ ∞,
(c2) Cn−1 × T,
where T is an elliptic curve. Observe that if in subcase (c1) we have R1 > 0 or
R2 <∞, then Aut(ΥR1,R2) = RΥ and hence ΥR1,R2 does not admit an action
of an (n2+1)-dimensional group for such R1, R2. Therefore, in subcase (c1)
we have R1 = 0, R2 = ∞, (note that Υ0,∞ = C
n−1 × C∗). Furthermore, an
equivalence map can be chosen so that it transforms V in subcase (c1) into
RΥ and in subcase (c2) into the group of maps
z′ 7→ Uz′ + a,
[zn] 7→
[
eiψ exp
(
2〈Uz′, a〉+ |a|2
)
zn
]
,
where U ∈ Un−1, a ∈ C
n−1 and ψ ∈ R. Here T is obtained from C∗ by
taking the quotient with respect to the equivalence relation zn ∼ dzn, for
some d ∈ C∗, |d| 6= 1, and [zn] ∈ T is the equivalence class of a point zn ∈ C
∗.
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Suppose next that V p is CR-equivalent to Ω. ThenM is holomorphically
equivalent to one of
(d1) ΩR1,R2 :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1,
R1(1− |z
′|2) < exp (Re zn) < R2(1− |z
′|2)
}
,
0 ≤ R1 < R2 ≤ ∞,
(d2) Bn−1 × C∗.
Observe that if in subcase (d1) we have R1 > 0 orR2 <∞, then Aut(ΩR1,R2) =
RΩ and hence ΩR1,R2 does not admit an action of an (n
2 + 1)-dimensional
group for such R1, R2. Therefore, in subcase (d1) we have R1 = 0, R2 =∞,
(note that Ω0,∞ = B
n−1 ×C). Furthermore, an equivalence map can be cho-
sen so that it transforms V subcase (d1) into RΩ and in subcase (d2) into
the group of maps
z′ 7→
Az′ + b
cz′ + d
,
zn 7→
eiψΛzn
(cz′ + d)2Λ
,
where A, b, c, d are as in (4.2), ψ ∈ R, and Λ is a fixed complex number with
ImΛ 6= 0.
Suppose that V p is CR-equivalent to Eε for some ε > 0. Then M is
holomorphically equivalent to one of
(e1) ER1,R2,ε :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1,
R1(1− |z
′|2)1/ε < |zn| < R2(1− |z
′|2)1/ε
}
,
0 ≤ R1 < R2 ≤ ∞,
(e2) Bn−1 × T,
where T is an elliptic curve. Observe that if in subcase (e1) we have R1 > 0
or R2 <∞, then Aut(ER1,R2,ε) = REε and hence ER1,R2,ε does not admit an
action of an (n2+1)-dimensional group for such R1, R2. Therefore, in subcase
(e1) we have R1 = 0, R2 =∞, (note that E0,∞,ε = B
n−1×C∗). Furthermore,
an equivalence map can be chosen so that it transforms V subcase (e1) into
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REε and in subcase (e2) into the group of maps
z′ 7→
Az′ + b
cz′ + d
,
[zn] 7→
[
eiψzn
(cz′ + d)2/ε
]
,
where A, b, c, d are as in (4.2), and ψ ∈ R. Here T is obtained from C∗ by
taking the quotient with respect to the equivalence relation zn ∼ dzn, for
some d ∈ C∗, |d| 6= 1, and [zn] ∈ T is the equivalence class of a point zn ∈ C
∗.
We will now determine the groups into which G is transformed under the
above equivalences. Observe that for every point q ∈ M the fixed point set
FV 0q of the identity component of the isotropy subgroup Vq of q with respect
to the action of V contains the leaf F2(q). Examining the fixed point sets of
the isotropy subgroups with respect to the action of the group into which V
is transformed in each of the cases listed above, we see that FV 0q is always
a connected complex curve in M and therefore F2(q) = FV 0q for q ∈ M .
This implies that the leaves of F2 are equivalent to C
∗ in subcase (a1); to
an elliptic curve T in subcase (a2); to P> if either R1 = −∞, R2 < ∞ or
R1 > −∞, R2 = ∞, and to C if R1 = −∞, R2 = ∞ in subcase (b1); to C
∗
in subcase (b2); to C∗ in subcase (c1); to an elliptic curve T in subcase (c2);
to C in subcase (d1); to C∗ in subcase (d2), to C∗ in subcase (e1); and to an
elliptic curve T in subcase (e2).
If the leaves of F2 are equivalent to one of C, C
∗, T, then the algebra S ′2
is commutative, and therefore ρ = ν = 0. Due to (4.57) this implies that
α = γ = 0. It now follows from (4.28), (4.36) that the Lie subalgebra S ′2
lies in the center of g. Fix v ∈ S ′2, v 6∈ v, and consider the one-parameter
subgroup {G(t)}t∈R of holomorphic transformation ofM arising from v. Since
{G(t)}t∈R lies in the center ofG, in all the subcases, except for (b1) with either
R1 = −∞, R2 < ∞ or R1 > −∞, R2 = ∞, {G(t)}t∈R is transformed into a
one-parameter subgroup of holomorphic automorphisms of the corresponding
manifold whose every element commutes with every element of the group into
which V is transformed. Looking at the explicit forms of the groups that
appear in all the subcases one can determine the form of the subgroup into
which {G(t)}t∈R is transformed. This yields that the group G is transformed
into the group defined in (4.14) in subcase (a1); into the group defined in
(4.15) in subcase (a2); into the group defined in (4.8) for T = 2 in subcase
(b1) if R1 = −∞, R2 = ∞; into the group defined in (4.10) for T = 2Λ
in subcase (b2), into the group defined in (4.10) for T = 2 in subcase (c1);
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into the group defined in (4.12) for T = 2 in subcase (c2); into the group
defined in (4.3) for T = −2 in subcase (d1); into the group defined in (4.5)
for T = −2Λ in subcase (d2); into the group defined in (4.5) for T = −2/ε
in subcase (e1); and into the group defined in (4.6) for T = −2/ε in subcase
(e2). Thus, these subcases lead to the following examples: (a1) to (viia), (a2)
to (viib), (b1) for R1 = −∞, R2 = ∞ to (iva), (b2) to (ivb) with e
iτ 6∈ R,
(c1) to (ivb) with eiτ ∈ R, (c2) to (ivc) with eiτ ∈ R, (d1) to (iia), (d2) to
(iib) for T ∈ C∗ \ R∗, (e1) to (iib) for T ∈ R∗, and (e2) to (iic) for T ∈ R∗.
It remains to consider subcase (b1) with either R1 = −∞, R2 < ∞ or
R1 > −∞, R2 =∞. Applying a translation in zn we can assume that R2 = 0
in the first case and R1 = 0 in the second case. Every element of Aut (Σ−∞,0)
extends to an element of Aut(Cn) that preserves the domain Σ0,∞ (which is
equivalent to Bn). It is easy to see that every such map belongs to the group
GP defined in Example (viii). Hence if R1 = −∞, R2 = 0, the group G
is transformed into GP . Suppose now that R1 = 0, R2 = ∞ (hence M is
holomorphically equivalent to Bn). Since the subgroup V is normal in G, the
foliation of M by V -orbits is G-invariant. It is straightforward to show that
every element of Aut (Σ0,∞) that preserves the foliation of Σ0,∞ by RΣ-orbits
lies in the group GP . Hence if R1 = 0, R2 =∞, the group G is transformed
into GP as well. Thus, if exactly one of R1, R2 is infinite, subcase (b1) leads
to Examples (viiia), (viiib).
Assume now that V is not closed in G. This implies that the orbit V p
accumulates to itself (in the sense explained in the proof of Theorem 3.1
above). Hence V p is non-compact and thus is CR-equivalent to one of Σ,
Υ, Ω, Eε, for some ε > 0. Clearly, the intersection T := V p ∩ G
′
2p is H
0-
invariant. Furthermore, since H0 acts trivially on G′2p, every point in T is a
fixed point ofH0. A direct examination shows that for each of the groupsRΣ,
RΥ, RΩ, REε the fixed point set of the isotropy subgroup of every point in
Σ, Υ, Ω, Eε, respectively, is a connected smooth curve. It is straightforward
to observe that every such a curve is an orbit of a one-parameter subgroup
of one of RΣ, RΥ, RΩ, REε, respectively, and that no proper subset of the
curve is an orbit of a one-parameter subgroup of any of these groups.
Let v be a non-zero vector tangent to each of V p and G′2p at p and
{G(t)}t∈R a one-parameter subgroup of G
′
2 such that v = d/dt (G(t)p)|t=0.
Since the foliation of M by V -orbits is G-invariant and the foliation F2 is
G-invariant as well, the vector field arising from the action of {G(t)}t∈R on
M is tangent to each of V p and G′2p at all points. In particular, the orbit
{G(t)p}t∈R lies in T . Since {G(t)}t∈R preserves V p, it is a one-parameter
subgroup of V , and the discussion in the preceding paragraph yields that T
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coincides with the orbit {G(t)p}t∈R. Since V p accumulates to itself, so does
the orbit {G(t)p}t∈R.
Recall that G′2p is holomorphically equivalent to one of P> , C, C
∗, or
an elliptic curve T by means of a map that transforms G′2/K
′
2 into one of
G(P>), G1(C), Aut(C
∗)0, or Aut(T)0, respectively, where K ′2 is the ineffec-
tivity kernel of the G′2-action on G
′
2p. It then follows that the only case in
which G′2 has a one-parameter subgroup for which there exists an orbit in
G′2p that accumulates to itself is when G
′
2p is equivalent to T. In this case
S ′2 is commutative, i.e. ρ = ν = 0, and hence α = γ = 0 (see (4.57)). Now
(4.28), (4.36) imply that the Lie subalgebra S ′2 lies in the center of g.
Since V is not isomorphic to RLl for any l ∈ N, its Lie algebra v is
isomorphic to either the Lie algebra ofRΣ or to the Lie algebra ofRΩ (observe
that RΣ covers RΥ and RΩ covers REε for all ε > 0). Therefore, g is
isomorphic to either the Lie algebra of G(Cn) (see (4.8) for T = 1) or to the
Lie algebra of G (Bn−1 × C) (see (4.3) for T = 1), respectively.
Let M˜ be the universal cover of M and Π : M˜ → M a covering map.
We lift the complex structure on M to M˜ and consider the group G˜ ⊂
Aut(M˜) that consists of all lifts of all elements of G to M˜ . If G is a G-
invariant Riemannian metric onM , then the lift G˜ of G to M˜ is a G˜-invariant
Riemannian metric on M˜ . To show that G˜ acts properly on M˜ , we will prove
that G˜ is a closed subgroup of the group Isom(M˜, G˜ ) of all isometries of M˜
with respect to G˜ endowed with the compact-open topology. Indeed, let {f˜n}
be a sequence in G˜ that converges in Isom(M˜, G˜ ) to an isometry F˜ . Consider
a sequence {fn} in G such that f˜n is a lift of fn to M˜ for every n. It then
follows that {fn} converges to a smooth map F : M → M uniformly with
all derivatives on compact subsets of M . Considering the sequences {f˜−1n }
and {f−1n } of the inverse maps, we see that F is in fact a diffeomorphism
of M . Clearly, F˜ is a lift of F to M˜ . Since G is closed in Diff(M), we
have F ∈ G, hence F˜ ∈ G˜. Thus, G˜ acts effectively and properly on M˜ by
holomorphic transformations and so does G′ := G˜0. Clearly, the group G′
covers G, and let P : G′ → G be the natural covering map. Fix p˜ ∈ Π−1(p)
and let H ′ := G′p˜. We identify M˜ as a smooth manifold with G
′/H ′. The
subgroup H ′ is connected, compact, and we have P(H ′) = H0.
Suppose first that g is isomorphic to the Lie algebra of G(Cn). One can
verify that every connected group G with Lie algebra isomorphic to that of
G(Cn) and having a compact subgroup K such that G/K is simply-connected
and G acts on G/K effectively, is isomorphic to G(Cn) in which case K is a
maximal compact subgroup of G. For every maximal compact subgroup K
of G(Cn) the quotient G(Cn)/K is G(Cn)-equivariantly diffeomorphic to Cn.
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The linearization of the action of K on Cn at its fixed point pK has exactly
two non-trivial proper even-dimensional real invariant subspaces L1, L2 ⊂
TpK(C
n). Their dimensions are 2(n − 1) and 2. As earlier, using conditions
(4.49) we will find all G(Cn)-invariant complex structures on Cn for which
L1 and L2 are complex subspaces. Every such structure turns out to be
holomorphically equivalent, by means of a map preserving the group G(Cn),
to a complex structure for which the corresponding operator at the origin
has the form
xr 7→ −yr,
yr 7→ xr,
xn 7→ wxn + uyn,
yn 7→ vxn − wyn,
(4.58)
where r = 1, . . . , n − 1, v, u, w ∈ R, w2 + uv = −1, xk = Re zk, yk = Im zk
for k = 1, . . . , n. One can now verify that the diffeomorphism
xr 7→ xr,
yr 7→ yr,
xn 7→
u+ 1
2u
n−1∑
r=1
(x2r + y
2
r)−
1
u
xn,
yn 7→ −
w
2u
n−1∑
r=1
(x2r + y
2
r) +
w
u
xn + yn,
where r = 1, . . . , n− 1, preserves the group G(Cn) and establishes holomor-
phic equivalence between Cn equipped with the above complex structure and
Cn equipped with the standard complex structure.
Thus, M˜ is holomorphically equivalent to Cn by means of a map that
transforms G′ into G(Cn). Let Γ be the group of deck transformations of
the cover Π : M˜ → M . Since Γ lies in the centralizer of G′ in Aut(M˜), it
follows that, upon the identification of M˜ with Cn and G′ with G(Cn), every
element of Γ has the form
zr 7→ zr,
zn 7→ zn + c,
(4.59)
where r = 1, . . . , n − 1 and c ∈ C. In particular, Γ ⊂ G(Cn), and there-
fore, upon the identification of M with Cn/Γ, the group G is identified with
G(Cn)/Γ. It is clear that Cn/Γ admits a G(Cn)/Γ-invariant foliation by
elliptic curves only if Γ has two generators. Thus, M is holomorphically
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equivalent to Cn−1 × T, where T is an elliptic curve, by means of a map
that transforms G into a group of maps of the form (4.12) for some T ∈ C∗.
Since V is not closed in G, the number T cannot be real for any factorization
C→ C∗ → T. Thus, we have obtained Example (ivc) for eiτ 6∈ R.
Suppose next that g is isomorphic to the Lie algebra of G (Bn−1 × C).
We will proceed as in the case considered above. It is straightforward to
verify that every connected group G with Lie algebra isomorphic to that of
G (Bn−1 × C) and having a compact subgroup K such that G/K is simply-
connected and G acts on G/K effectively, is isomorphic to G (Bn−1 × C)
in which case K is a maximal compact subgroup of G. For every maxi-
mal compact subgroup K of G (Bn−1 × C) the quotient G (Bn−1 × C) /K is
G (Bn−1 × C)-equivariantly diffeomorphic to Bn−1 × C. The linearization of
the action of K on Bn−1×C at its fixed point pK has exactly two non-trivial
proper even-dimensional real invariant subspaces L1, L2 ⊂ TpK (B
n−1 × C).
Their dimensions are 2(n− 1) and 2. Using conditions (4.49) we can deter-
mine all G (Bn−1 × C)-invariant complex structures on Bn−1×C for which L1
and L2 are complex subspaces. Every such structure turns out to be holomor-
phically equivalent, by means of a map preserving the group G (Bn−1 × C),
to a complex structure for which the corresponding operator at the origin
has the form (4.58). One can now verify that the diffeomorphism
xr 7→ xr,
yr 7→ yr,
xn 7→ −
u+ 1
2u
ln
(
1−
(
n−1∑
r=1
(x2r + y
2
r)
))
−
1
u
xn,
yn 7→
w
2u
ln
(
1−
(
n−1∑
r=1
(x2r + y
2
r)
))
+
w
u
xn + yn,
where r = 1, . . . , n−1, preserves the groupG (Bn−1 × C) and establishes holo-
morphic equivalence between Bn−1×C equipped with this complex structure
and Bn−1 × C equipped with the standard complex structure.
Thus, M˜ is holomorphically equivalent to Bn−1 × C by means of a map
that transforms G′ into G (Bn−1 × C). Let, as before, Γ be the group of deck
transformations of the cover Π : M˜ → M . Since Γ lies in the centralizer
of G′ in Aut(M˜), it follows that, upon the identification of M˜ with Bn−1 ×
C and G′ with G (Bn−1 × C), every element of Γ has the form (4.59). In
particular, Γ ⊂ G (Bn−1 × C), and therefore, upon the identification of M
with (Bn−1 × C) /Γ, the group G is identified with G (Bn−1 × C) /Γ. Clearly,
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(Bn−1 × C) /Γ admits a G (Bn−1 × C) /Γ-invariant foliation by elliptic curves
only if Γ has two generators. Thus, M is holomorphically equivalent to
Bn−1 × T, where T is an elliptic curve, by means of a map that transforms
G into a group of maps of the form (4.6) for some T ∈ C∗. Since V is not
closed in G, the number T cannot be real for any factorization C→ C∗ → T.
Thus, we have obtained Example (iic) for T ∈ C∗ \ R∗.
Case 1.2.2. Suppose that k2 6= 0. Since the commutators [ar, br], are
Ad(Hs)-invariant for r, s = 1, . . . , n−1, it follows, as in Case 1.1, that (4.26)
holds. Together with (4.19) this implies that for n = 2 the subspace S1 is a
Lie subalgebra of g, which contradicts our assumptions. Hence n ≥ 3. We
will now obtain a similar contradiction for n ≥ 4 thus proving that in fact
n = 3.
We showed at the beginning of Case 1.2 that [h⊥1 , h
⊥
1 ] has a zero projection
to h⊥1 . Let v1 ∈ Pr, v2 ∈ Ps, for 1 ≤ r, s ≤ n − 1, r 6= s, and write the
commutator [v1, v2] in the general form [v1, v2] = b+ c, where b ∈ h
⊥
2 , c ∈ h.
If n ≥ 4, we apply to this commutator a transformation from Ad(H0) that
acts as −id on h⊥2 and trivially on each of Pr, Ps. This immediately gives
that b = 0, that is
[Pr,Ps] ⊂ h, r, s = 1, . . . , n− 1, r 6= s, n ≥ 4. (4.60)
Relations (4.19), (4.26), (4.60) imply that S1 is a Lie subalgebra of g for
n ≥ 4. Thus, we have shown that in Case 1.2.2 we have n = 3.
Let C be the following collection of commutators
C := {[a1, a2], [a1, b2], [b1, a2], [b1, b2]} .
We now apply transformations from Ad(H1) to the elements of C. If k1 6=
±k2, we immediately obtain that C ⊂ h. Taken together with (4.19), (4.26),
this implies that S1 is a subalgebra of g, once again contradicting our assump-
tions. Hence we have k1 = ±k2, that is, k1 = 1, k1 = ±1. The application of
Ad(Hr) for r = 1, 2 to the commutators in C then yields
[a1, a2] ≡ γa3 + δb3 (mod h),
[a1, b2] ≡ ∓δa3 ± γb3 (mod h),
[b1, a2] ≡ ∓δa3 ± γb3 (mod h),
[b1, b2] ≡ −γa3 − δb3 (mod h),
(4.61)
for some γ, δ ∈ R, γ2 + δ2 > 0.
If k1 = 1, k2 = −1, then, applying condition (4) of (4.49) to the G-
invariant complex structure on G/H and the vectors x = a1, y = a2, and
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using the fact that the pull-back to h⊥ of the operator of complex structure
on TH(G/H) is given by (4.21) in the basis {ak, bk}k=1,2,3, we obtain that
γ = 0, δ = 0. This contradiction shows that in fact k1 = 1, k2 = 1.
Now the application of transformations from Ad(Z) to the commutators
in C implies
[a1, a2] ≡ [b1, b2] (mod h
⊥
2 ),
[b1, a2] ≡ −[a1, b2] (mod h
⊥
2 ),
(4.62)
and we denote the h-components of [a1, a2] and [b1, a2] by c and d, respec-
tively. Applying once again transformations from Ad(H1) to the elements of
C and comparing the h-components, we see that c and d are represented by
matrices of the form (4.20) for which the corresponding matrices A are(
0 ν
−ν 0
)
,
(
0 iν
iν 0
)
, (4.63)
respectively, for some ν ∈ C.
Further, arguing as in Case 1.1.2.a.2, we observe that relations (4.53) hold
for some α, β ∈ R and that
[a3, b3] =
2(α2 + β2)
µ
t0.
Next, applying to [ar, br], r = 1, 2, the transformation from Ad(H
0) that
interchanges a1 with a2 and b1 with b2, we see that (4.26) simplifies to
[a1, b1] = σt1 + τt2,
[a2, b2] = τt1 + σt2,
(4.64)
for some σ, τ ∈ R.
Let R be the element of h for which the matrix A in representation
(4.20) is
(
0 i
i 0
)
. It now follows from (4.23), (4.53), (4.61), (4.62), (4.63),
(4.64) and the Jacobi identity applied to the triples {a1, b1, a2}, {a1, b1, a3},
{a1, b1, R} that
τ = 0, ν = −
µσ
2
,
αδ + βγ = 0, βδ − αγ =
µσ
2
.
(4.65)
Assume first that α = 0, β = 0. In this case relations (4.65) yield that
g is isomorphic to the Lie algebra of the group G3(C
3) defined in Example
(xii). Every connected Lie group G with Lie algebra isomorphic to that of
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G3(C
3) and having a compact 4-dimensional subgroup K such that G acts
on G/K effectively, is isomorphic to G3(C
3) in which case K is a maximal
compact subgroup of G. Therefore, the group G is isomorphic to G3(C
3),
and this isomorphism induces a diffeomorphism from G/H onto G3(C
3)/K,
where K is a maximal compact subgroup of G3(C
3). Next, G3(C
3)/K is
G3(C
3)-equivariantly diffeomorphic to C3. The linearization of the action of
K on C3 at its fixed point pK has exactly two non-trivial proper real invariant
subspaces L1, L2 ⊂ TpK(C
3). Their dimensions are 2 and 4. As earlier, all
G3(C
3)-invariant complex structures on C3 for which L1 and L2 are complex
subspaces can be found using conditions (4.49). In this case the conditions
lead to either the standard complex structure on C3 or to its conjugate. The
manifold arising in the latter case is holomorphically equivalent to C3 by
means of a map that preserves the group G3(C
3). Thus, we have obtained
Example (xii).
Assume now that α2 + β2 > 0. In this case relations (4.65) imply that g
is isomorphic to the Lie algebra of Sp2. Every connected Lie group with Lie
algebra isomorphic to that of Sp2 and containing a subgroup isomorphic to
U2, is isomorphic to Sp2/Z2. Therefore, G is isomorphic to Sp2/Z2. Under
this isomorphism H is mapped into a subgroup K ⊂ Sp2/Z2 for which K
0 is
isomorphic to U2. Now, arguing as in Case 1.1.2.a.2, we observe thatK is con-
nected. Indeed, the centralizer of any subgroup of Sp2/Z2 isomorphic to U2
coincides with the center of the subgroup. The isomorphism between G and
Sp2/Z2 induces a diffeomorphism between G/H and (Sp2/Z2) /K. SinceK is
connected, the manifold (Sp2/Z2) /K is Sp2/Z2-equivariantly diffeomorphic
to CP3. The linearization of the action of K on CP3 at its fixed point pK has
exactly two non-trivial proper real invariant subspaces L1, L2 ⊂ TpK(CP
3).
Their dimensions are 2 and 4. As earlier, to determine all Sp2/Z2-invariant
complex structures on CP3 for which L1 and L2 are complex subspaces, we
use conditions (4.49). They lead either to the standard complex structure
on CP3 or to its conjugate. The manifold corresponding to the latter struc-
ture clearly is holomorphically equivalent to CP3 by means of a map that
preserves the group Sp2/Z2. Thus, we have obtained Example (x).
Case 2. Suppose that k1 = ±k2. Assume first that k1 = 1, k2 = −1.
Clearly, M0 := G/H0 is a finite-to-one cover of G/H , and we lift to M0
the G-invariant complex structure induced on G/H by that on M . The
group G acts onM0 properly and effectively by holomorphic transformations
with connected isotropy subgroups, and the linearization of the action of
the subgroup H0 on M0 at the point H0 ∈ M0 is given by H21,−1 in some
coordinates in TH0(M
0). This linearization has exactly two invariant complex
Proper Actions on Complex Manifolds 55
lines l1, l2 in TH0(M
0). Let
Lj :=
{
dg(H0)lj , g ∈ G
}
, j = 1, 2. (4.66)
Clearly, Lj is a G-invariant distribution of complex lines on M
0 for each j.
We will now reason for the manifold M0 in the way we did for the manifold
M in Case 1, with Sj constructed from Lj, j = 1, 2. First of all, the argument
at the beginning of Case 1.2.2 shows that (4.27) holds and that S1 is a Lie
subalgebra of g. We will therefore repeat for the manifoldM0 the arguments
that we applied to M in Case 1.1.2. Transforming the commutators in C1 by
the elements of the group Ad(H0), we obtain
C1 ⊂ h,
[a1, a2] = −[b1, b2],
[a1, b2] = [b1, a2].
(4.67)
The Jacobi identity applied to the triple {a1, b1, a2} together with (4.23),
(4.27), (4.67) now implies that all commutators in C1 are zero.
As in Case 1.1.2, we are now led to the problem of determining certain
G1,−1(C
2)-invariant complex structures on C2. Observe, however, that in
contrast with Case 1.1.2, for a maximal compact subgroup K ⊂ G1,−1(C
2)
the linearization of K at its fixed point pK has many non-trivial proper
real invariant subspaces in TpK(C
2). All such subspaces have dimension 2.
Therefore, for every pair of invariant subspaces L1, L2 ⊂ TpK (C
2) we look for
all G1,−1(C
2)-invariant complex structures on C2, with respect to which L1
and L2 are complex lines. As before, we use conditions (4.49). It turns out
that for every complex structure of this kind there is a biholomorphic map
onto C2 that either preserves the group G1,−1(C
2) or transforms it into the
group G1,1(C
2). Such a biholomorphic map is given by a composition f1 ◦ f2,
where f1 is one of the three maps
z1 7→ z1,
z2 7→ z2,
z1 7→ z1,
z2 7→ z2,
z1 7→ z1,
z2 7→ z2,
and f2 is a map of the form
z1 7→ αz1 + βz2,
z2 7→ γz1 + δz2,
for some α, β, γ, δ ∈ C. As a result, we obtain that M0 is holomorphi-
cally equivalent to C2 by means of a map that transforms G (regarded as
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a subgroup of Aut(M0)) into one of the two groups G1,±1(C
2). Since every
compact 1-dimensional subgroup of G1,±1(C
2) is connected, it follows that
H0 = H , hence M is holomorphically equivalent to M0 by means of a map
that transforms G into G1,±1(C
2). Thus, we have obtained Example (vi) for
n = 2 and k1 = 1, k2 = ±1.
Suppose now that k1 = k2 = 1 and consider the manifold M
0 := G/H0,
as above. The group G acts on M0 properly and effectively by holomorphic
transformations with connected isotropy subgroups, and the linearization of
the action of the group H0 on M0 at the point H0 ∈ M0 is given by H21,1
in some coordinates in TH0(M
0). Choose two arbitrary complex lines l1, l2
in TH0(M
0) and define Lj for j = 1, 2 by formula (4.66). Clearly, Lj is a
G-invariant distribution of complex lines on M0 for each j. We will now
reason for the manifold M0 in the way we did for the manifold M in Case 1.
Again, we see that (4.27) holds and that S1 is a Lie subalgebra of g. We will
therefore repeat for the manifold M0 the arguments that we applied to M
in Case 1.1.2. Transforming the commutators in C1 by the elements of the
group Ad(H0), we obtain
C1 ⊂ h,
[a1, a2] = [b1, b2],
[a1, b2] = −[b1, a2].
(4.68)
The Jacobi identity applied to the triple {a1, b1, a2} together with (4.23),
(4.27), (4.68) implies that all commutators in C1 are zero.
As in Case 1.1.2, we are now required to determine certain G1,1(C
2)-
invariant complex structures on C2. Again, in contrast with Case 1.1.2,
for a maximal compact subgroup K ⊂ G1,1(C
2) the linearization of K at
its fixed point pK has many non-trivial proper real invariant subspaces in
TpK(C
2), all of dimension 2. Again, using conditions (4.49), for every pair
of invariant subspaces L1, L2 ⊂ TpK(C
2) we look for all G1,1(C
2)-invariant
complex structures on C2, with respect to which L1 and L2 are complex
lines. It turns out that the resulting complex structures are as follows: (a)
the standard complex structure on C2, (b) the complex structure conjugate
to the standard one, (c) the complex structures obtained by conjugating the
standard complex structure on one complex line in C2 while preserving the
standard structure on another complex line. Clearly, the manifolds arising
in (b) and (c) are holomorphically equivalent to C2 by means of a map that
either preserves the group G1,1(C
2) or transforms it into G1,−1(C
2). Hence
we obtain that M0 is holomorphically equivalent to C2 by means of a map
Proper Actions on Complex Manifolds 57
that transforms G into one of the two groups G1,±1(C
2). As above, this leads
to Example (vi) for n = 2 and k1 = 1, k2 = ±1.
The proof of the theorem is now complete. 
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